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Abstract 

Strong convergence rates for time-discrete numerical approximations of semilinear stochas¬ 
tic evolution equations (SEEs) with smooth and regular nonlinearities are well understood 
in the literature. Weak convergence rates for time-discrete numerical approximations of such 
SEEs have been investigated since about 12 years and are far away from being well understood: 
roughly speaking, no essentially sharp weak convergence rates are known for time-discrete nu¬ 
merical approximations of parabolic SEEs with nonlinear diffusion coefficient functions; see 
Remark 2.3 in [A. Debussche, Weak approximation of stochastic partial differential equations: 
the nonlinear case, Math. Comp. 80 (2011), no. 273, 89-117] for details. In the recent ar¬ 
ticle [D. Conus, A. Jentzen &: R. Kurniawan, Weak convergence rates of spectral Galerkin 
approximations for SPDEs with nonlinear diffusion coefficients, arXiv: 1408.1108] the weak 
convergence problem emerged from Debussche’s article has been solved in the case of spa¬ 
tial spectral Galerkin approximations for semilinear SEEs with nonlinear diffusion coefficient 
functions. In this article we overcome the problem emerged from Debussche’s article in the 
case of a class of time-discrete Euler-type approximation methods (including exponential and 
linear-implicit Euler approximations as special cases) and, in particular, we establish essen¬ 
tially sharp weak convergence rates for linear-implicit Euler approximations of semilinear 
SEEs with nonlinear diffusion coefficient functions. Key ingredients of our approach are ap¬ 
plications of a mild ltd type formula and the use of suitable semilinear integrated counterparts 
of the time-discrete numerical approximation processes. 
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1 Introduction 

This article studies weak convergence rates for time-discrete numerical approximations of semilin- 
ear stochastic evolution equations (SEEs). We first review a few weak convergence results from the 
literature and then present the main weak convergence result obtained in this article. This intro¬ 
ductory section is based on Section 1 of Conus et al. m- For finite dimensional stochastic ordinary 
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differential equations (SODEs) with smooth and regular nonlinearities both strong and numeri¬ 
cally weak convergence rates of time-discrete numerical approximations are well understood in the 
literature; see, e.g., the monographs Kloeden & Platen and Milstein [M]. The situation is dif¬ 
ferent in the case of possibly inhnite dimensional semilinear stochastic evoluation equations (SEEs). 
While strong convergence rates for time-discrete numerical approximations of semilinear SEEs with 
smooth and regular nonlinearities are well understood in the literature, weak convergence rates 
for time-discrete numerical approximations of such SEEs have been investigated since about 12 
years and are far away from being well understood: roughly speaking, no essentially sharp weak 
convergence rates are known for time-discrete numerical approximations of parabolic SEEs with 
nonlinear diffusion coefficient functions; see Remark 2.3 in Debussche El for details. In this article 
we overcome the problem emerged from Debussche’s article in the case of a class of time-discrete 
Euler-type approximation methods for SEEs (including exponential and linear-implicit Euler ap¬ 
proximations as special cases) and, in particular, we establish essentially sharp weak convergence 
rates for linear-implicit Euler approximations of semilinear SEEs with nonlinear diffusion coeffi¬ 
cient functions. To illustrate the weak convergence problem emerged from Debussche’s article and 
our solution to this problem we consider the following setting as a special case of our general setting 
in Section [8] below. Let {H, (•, ■)jj- , \\-\\jj) and (f/, (•, ■)jj , ll-Ht;) be separable M-Hilbert spaces, let 
T G (0, oo), let (D, J^, P, be a stochastic basis, let iWt)te[o,T] be a cylindrical Id^z-Wiener 

process with respect to let A: D{A) G H ^ H he a. generator of a strongly continuous 

analytic semigroup with sup (Re(spectrum(A))) < 0, let {Hj., (•, r G M, be a family of 

interpolation spaces associated to —A (cf., e.g.. Theorem and Dehnition 2.5.32 in [25]), let i G M, 
^ G TTt, 7 G [0, |], and let F: ^ and B\ ^ Lin(17, nr<t- 7 / 2 h^r-) be functions with 

the property that Vr G (—oo, i — 7 ): 3 v F{v) G Hr) G Hr)], with the property 

that Vr G (— 00, t — ^),v G H^-. [(U 3 u B{v)u G Hr) G HS{U, Hr)], and with the property 
that Vr G (-00, L-l): [[H, 3 v [U 3 u e3 B{v)u G Hr] G HS{U, Hr)) G Cl{H„ HS{U, Hr))], 
where for two M-vector spaces Vi and V 2 we denote by Lin(l/i, V 2 ) the set of all linear mappings from 
Vi to V 2 and where for two M-Banach spaces {Vi, IHIyJ and (V 2 , |H|y 2 ) denote by C^(Vi, V 2 ) the 
set of all hve times continuously Frechet differentiable functions from Vi to V 2 which have globally 
bounded derivatives (see Subsection 11.21 below for more details). The above assumptions ensure 
(cf., e.g.. Proposition 3 in Da Prato et al. [T2|, Theorem 4.3 in Brzezniak [S], Theorem 6.2 in Van 
Neerven et al. [101) the existence of a continuous mild solution process X: [0, T] x D —)■ of the 
SEE 

dXt = [klVi + F(Xt)] dt + B{Xt) dWt, t G [0, T], Xo = ^ (1) 

As an example for ([1]), we think of H = U = L^((0,1); M) being the M-Hilbert space of equivalence 
classes of Lebesgue square integrable functions from (0,1) to M and A being a linear differential 
operator on H. In particular, in Subsection 11.1.11 we formulate the continuous version of the 
parabolic Anderson model as an example of ([T]) (in that case the parameter 7 , which controls 
the regularity of the operators F and B, satishes 7 = |) and in Subsection 11.1.21 we formulate a 
fourth-order stochastic partial differential equation as an example of ([ 1 ]) (in that example we have 
7 = i). In this work we are interested in the analysis of numerical approximations of ([T]). For 
example, let : {0,1,..., N} x fl ^ H^, X G N, be stochastic processes with the property that 
for all X G N, n G {0,1,..., X — 1} it holds P-a.s. that 

1 / (n+l)T \ 

= y7i = (w«-S7 (r« + ^"(X)S + %'' B(Y„)dw,). ( 2 ) 

The stochastic processes , X G N, are referred to as linear-implicit Euler approximations of 

(HD- 

Strong convergence rates for numerical approximations for SEEs of the form ([T]) are well un¬ 
derstood. Weak convergence rates for numerical approximations of SEEs of the form ([T]) have been 
investigated since about 12 years; cf. [39l EO] |T 6 | [HI [I9l EH jlTl ESI jS] ES] |33l EDI IH IZl El E21 El 
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EH EH SSI [m HH | 2 ] . Except for Debussche & De Bouard [I6], Debussche [E], Andersson & Lars- 
son |1], and Conus et al. m, all of the above cited weak convergence results assume, beside further 
assumptions, that the considered SEE is driven by additive noise. In Debussche & De Bouard jlH] 
weak convergence rates for the nonlinear Schrodinger equation, whose dominant linear operator 
generates a group (see Section 2 in [12]) instead of only a semigroup as in the general setting of the 
SEE ([T]), are analyzed. The method of proof in Debussche & De Bouard [T 6 | strongly exploits this 
property of the nonlinear Schrodinger equation (see Section 5.2 in [IS])- Therefore, the method of 
proof in [16] can, in general, not be used to establish weak convergence rates for the SEE ([T])- In 
Debussche’s seminal article im, essentially sharp weak convergence rates for linear-implicit Euler 
approximations (see (E])) of SEEs of the form ([T]) are established under the hypothesis that i = 0 
and that the second derivative of the diffusion coefficient B satisfies the smoothing property that 
there exists an L G M such that for all x,v,w ^ H it holds tha10 

\\B"{x){v,w)\\^^jj^ < ( 3 ) 

The article Andersson & Larsson [1] also assumes ([3]) but establishes weak convergence rates for 
spatial approximations. As pointed out in Remark 2.3 in Debussche El. assumption (EJ) is a 
serious restriction for SEEs of the form Roughly speaking, assumption (EJ) imposes that the 
second derivative of the diffusion coefficient function vanishes and thus that the diffusion coefficient 
function is affine linear. Remark 2.3 in Debussche El also asserts that assumption ([3]) is crucial in 
the weak convergence proof in El. that assumption ([3]) is used in an essential way in Lemma 4.5 
in El and that Lemma 4.5 in El. in turn, is used at many points in the weak convergence proof 
in El. Debussche’s article naturally suggests the problem of establishing essentially sharp weak 
convergence rates in the case where Debussche’s assumption ([3]) is not satisfied. In Conus m 
essentially sharp weak convergence rates have been established without imposing Debussche’s as¬ 
sumption (|3]) in the case of spatial spectral Galerkin approximations. To the best of our knowledge, 
it remained an open problem to establish essentially sharp weak convergence rates for time-discrete 
numerical approximations of the SEE ([T]) without imposing Debussche’s assumption (E])- In this 
article we overcome this problem in the case of a class of time-discrete Euler-type approxima¬ 
tion methods for SEEs (including exponential and linear-implicit Euler approximations as special 
cases) and, in particular, we establish essentially sharp weak convergence rates for linear-implicit 
Euler approximations of semilinear SEEs with nonlinear diffusion coefficient functions. This is the 
subject of the following result, Theorem ll.il Theorem 11.11 followimmediately from Corollary 18.21 
and Subsection 11.5.21 

Theorem 1.1. Assume the setting in the first paragraph of SectionUland let (p G Then 

for every e G (0, oo) there exists a C G M such that for all N eN it holds that 

|Ey(XT)] - EP(y")] I < c. iV-d-’-'), (4) 

Let us add a few comments regarding Theorem 11.11 First, we would like to emphasize that 
in the general setting of Theorem 11.11 the weak convergence rate established in Theorem 11.11 
can essentially not he improved. More specifically, in Corollary 19.81 in Section [9] below we give 
for every t G M, 7 G [0, |] examples of A: D{A) <T H ^ H, F ■. ^ {r\r<L-'yHr)t B: ^ 

Lin(17, nr<i_7/2Lfr) and p G C|(Trt,M) with Vr G (—00, i — 7 ): 3 v F{v) G Hfij G 

Cl{H„Hr)],Wr G (-cx),i- ^),n E Hp. [{U 3 u ^ B{v)u E Hr) E HS{U,Hr)], Vr G (-00, t- 
f): [{H, 3 V ^ [U 3 u ^ B{v)u E Hr] E HS{U,Hr)) E Cl{H„ HS{U, Hr))] such that there 
exists a C* G (0, cxo) such that for all A^ G N it holds that 

|E[(/p(Xt)] - E[(p(y^)] I > C • (5) 

^Assumption ([H above slighlty differs from the original assumption in as we believe that there is a small 
typo in equation (2.5) in [17]; see inequality (4.3) in the proof of Lemma 4.5 in [17] for details. 

^with H = in the notation of Corollary 18.21 
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In addition, we emphasize that in the setting of Theorem 11.11 it is well known that for every 
e G (0, cxd) there exists a C* G M such that for all iV G N it holds that 

(E[||Xr - VyHi.])''” < C . (6) 

The weak convergence rate 1 — 7 —£ established in Theorem 1 1.1 1 is thus twice the well known strong 
convergence rate ^— 7 ^ in ([ 6 ]). Next we add that Theorem ll.ll is. to the best of our knowledge, the 
hrst result in the literature which establishes the essentially sharp weak convergence rate 1 — 7 — e 
for time-discrete numerical approximations of the continuous version of the parabolic Anderson 
model (see Subsection 1 1 . 1.1 1 for details). 

In the following we briefly outline a few key ideas in the proof of Theorem 1 1.1 I f and Corollary 18.21 
respectively). For simplicity we restrict ourself to the case 6 = 0. Our proof of Theorem 11.11 is 
partially based on the proof of the weak convergence result in Conus et ah m- The hrst step 
in the proof of Theorem 11.11 is to rewrite the time-discrete stochastic processes , iV G N, 
(see (12])) as appropriate time-continuous stochastic processes (see (|HD below). More formally, let 
[•J/j: M —)■ M, h G (0, cxo), be the mappings with the property that for all h G (0, cxo), f G M it holds 
that [t\h = max((— 00, t] fl { 0 , h, —h, 2h, —2h, ...}), let : {(ti, ^ 2 ) ^ [ 0 , T]^: < ^ 2 } ^ 

G N, be the mappings with the property that for all iV G N, (^ 1 ,^ 2 ) G [0,T]^ with ti < t2 it 
holds that 

= (ld„-(«,-LiljT/»)A) (ld„-((2-L«2jT/Jv)/l)"'(ld„-5/l)^“‘“^"'"^^‘'^""""'''^ (7) 

(cf., e.g., (142) in Da Prato et ah [I2]), and let : [0, T] x D —)■ iJ, iV G N, be {J^t}t&[o,T]- 
predictable stochastic processes with the property that for all iV G N, f G [0,T] it holds P-a.s. 
that 



(cf. (143) in Da Prato et ah [I2]). Note that for all iV G N, n G {0, ... ,T} it holds P-a.s. 

that = Y^. Moreover, recall that the solution process X of the SEE ([1]) satishes that for 

all t G [0,T] it holds P-a.s. that 


= f e(*-")^P(X,) ds + f e^^-^^^B{X,)dWs. (9) 

Jo Jo 

The next key step in the proof of Theorem |1.1| is to use the idea in Conus et ah m to plug an 
appropriate process in between E[93(Xr)] and E[<yc(y^)] = E[(/?(F/^)] . More formally, we use the 
triangle inequality to obtain that for all iV G N it holds that 


Ey(Xi.)] - Epy/)] I < |Ey(XT)] - e [^( y ^)] \ + lEyiiy)] - Ep(y")] | (lo) 


where Y^: [0,T] X D —)■ P, iV G N, are appropriate stochastic processes so that it is in some 
sense not so difficult anymore to estimate |e[(/?(X 7 ’)] — E[<y9('P^)] | and |E[<y9('F^)] — E[(/?(E^)] | 
for TV G N. The main difficulty and also a key difference of the proof of Theorem 11.11 in this article 
to the proof of the weak convergence result in Conus et ah m is the appropriate choice of the 
processes Y^, iV G N, which we put in between. In the case of Theorem 11.11 it turns out to be 
rather useful to choose Y^: [0, T] x D —)■ P, iV G N, such that for every P G N, f G [0, T] it holds 
P-a.s. that 


VN 










( 11 ) 
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cf. (ITT]) with ([8]) and ([9]). In the remainder of this article we refer to G N, as semilinear 

integrated counterparts of ([8]). In Proposition 16.41 fa key result of this article) in Subsection 16. 3l the 
terms |E[(p(F/)] -E[ip(Y^)] |, iV e N, in (fTU]) are estimated in an appropriate way by using the 
mild ltd formula; see Theorem 1 in Da Prato et ah [12]. More precisely, in Section [S] we generalize 
the mild ltd formula in Theorem 1 in Da Prato et ah [12] so that it applies also in the case of 
stopping times instead of deterministic time points; see Theorem 15.31 and Corollary 15.51 in Sub¬ 
section 15.31 We then use Corollary 15.51 to derive in Proposition 15.81 in Subsection 15.51 an estimate 
for the expectation of a smooth function composed with an appropriate type of stochastic process 
which we call a mild ltd process; see Dehnition 1 in Da Prato et ah [12] and, e.g., Dehnition id.ll in 
Subsection 15.31 below. Next we recall that we have rewritten the time-discrete numerical approx¬ 
imation processes , N E N, (see ([2])) as the time-continuous stochastic processes Y^, N E N, 
(see (|8])) and we emphasize that Y^, N E N, are mild ltd processes; see (142)-(146) in Da Prato 
et al. [12] • This allows us to apply the mild ltd formula and so also Proposition 15.8l to Y^, N eN. 
Thereby we obtain an appropriate estimate for the terms |E[(p(F^)] — E[(p(F^)]|, N E N, in 
Proposition 16.41 in Subsection 16.31 The mild ltd formula has also been used in Conus et al. [TT] 
to establish weak convergence rates for spatial spectral Galerkin approximations. In this work the 
analysis is more involved than in Conus et al. m as the numerical approximation processes Y^, 
N E N, are not solution processes of SEEs of the form ([T]) but merely mild ltd processes with 
two-parameter evolution families (see Subsection 11.41 and Section [6] below for more details). For 
the estimation of the terms |E[<p(X'r)] — E[ip{Y^)~\ |, iV G M, we use (as it is often the case in the 
case weak convergence analysis; see, e.g., RdBler [38], Debussche DU and Conus et al. m) the 
Kolmogorov backward equation associated to ([I]) and we also use again the mild ltd formula and 
its consequences respectively (see Section [6] and Section [7| for details). Combining these estimates 
with the in some sense non-standard mollihcation procedure in Conus et al. HU will allow us to 
complete the proof of Theorem ll.il (see Section [H] for details). 

1.1 Examples 

In this section we illustrate Theorem 11.11 by two simple examples. In Subsection 11.1.11 we apply 
Theorem 1 1.1 1 to the continuous version of the parabolic Anderson model and in Subsection II. 1.21 we 
apply Theorem 11.11 to a linear Cahn-Hilliard-Cook type equation. 

1.1.1 Parabolic Anderson model 

Let H = L^((0,1);M) be the M-Hilbert space of equivalence classes of Lebesgue square integrable 
functions from (0,1) to M, let T, k, 5, z/ G (0,oo), ^ E H, let (D, P, (J^t)tg[o,T]) be a stochastic 
basis, let (Wt)t£io,T] be a cylindrical Id//-Wiener process w.r.t. {iFt)t£[o,T], let A: D{A) H ^ H 
be the Laplacian with Dirichlet boundary conditions on H multiplied by z/, let (iL^, {'e)h > W'Wh )> 
r G M, be a family of interpolation spaces associated to —A (see, e.g.. Theorem and Dehnition 2.5.32 
in [25])! let B E C{H, HS{H, satisfy that for aW v E H, u E C'([0,1],M), x E (0,1) it 

holds that [B{v)u'j {x) = k - v{x) ■ u{x), and let Y^: {0,1,..., N} x Q ^ H, N E N, he stochastic 
processes which satisfy that for all iV E N, n E {0,1,... ,iV — 1} it holds P-a.s. that Yq^ = ^ 

and = (id//—(F i + Jnr^ -B(Ft) <^hTs)• The above assumptions ensure (cf., e.g., 

~w 

Proposition 3 in Da Prato et al. [12], Theorem 4.3 in Brzezniak [5], Theorem 6.2 in Van Neerven 
et al. [10]) the existence of an (Fi)/g[o,r]-adapted continuous stochastic process X: [0,T] x D —)■ iL 
which satishes that for all t E [0,T] it holds P-a.s. that Xt = ^ + Jq dWg. The 

stochastic process X is thus a solution process (of the continuous version) of the parabolic Anderson 
model 

dXt{x) = z/ £Xt{x) dt + kX,{x) dWt{x), X/(0) = X,{1) = 0, Xo(a;) = ^(a;) (12) 


6 






























for X G (0,1), t G [0,T] (cf., e.g., Carmona & Molchanov [ID])- Theorem 11.11 applies here with 
1 = \- More precisely. Theorem 11.11 proves that for all G C^(Tr, M), £ G (0, oo) there exists a 
C* G M such that for all iV G N it holds that 

\E[if{XT)] (13) 

1.1.2 A linear Cahn-Hilliard-Cook type equation 

Let H = -L^((0,1);M) be the M-Hilbert space of equivalence classes of Lebesgue square integrable 
functions from (0,1) to M, let T,k,6 G (0, oo), ^ E H, let (12, P, (J^t)ig[o,r]) be a stochastic 
basis, let {Wt)t£[o,T] be a cylindrical Id/f-Wiener process w.r.t. {Xt)te[o,T], let A: D{A) C H ^ H 
be the Laplacian with Neumann boundary conditions on H, let A: D{A) O H ^ H he the 
linear operator with the property that D{A) = D{A^) = {n G D{A): Av G D{A)} and with the 
property that for all v G D{A) it holds that Av = —A?v — Av — v, let {Hr, (•, ■)jj; , \\-\\h ), r G M, 
be a family of interpolation spaces associated to —A (see, e.g.. Theorem and Dehnition 2.5.32 
in [25|), let B G C{H, HS{H, H_i/s_s)) satisfy that for a\\ v E H, u E C'([0,1],M), x E (0,1) 
it holds that [B{v)u){x) = k ■ v{x) ■ u{x), and let : {0,1,..., iV} x 12 —)■ iL, iV G N, be 
stochastic processes which satisfy that for all iV G M, n G {0,1,..., iV — 1} it holds P-a.s. that 

^ and Y^^ = (Id/;- —(Yn + Yn ^ + /nr^ B{Yn) dWg ). The above assumptions ensure 

N 

(cf., e.g.. Proposition 3 in Da Prato et al. [12], Theorem 4.3 in Brzezniak [8], Theorem 6.2 in Van 
Neerven et al. HDl) the existence of an (J^t) 4 g[o,T]-adapted continuous stochastic process X: [0, T] x 
12 —)■ Pf which satishes that for all t E [0,T] it holds P-a.s. that Xt = ^ ds + 

dWs. The stochastic process X is thus a solution process of the linear Cahn- 
Hilliard-Cook type equation 

«,(!)= [-^Xt{x)-g,Xt{x)]dt + KX,(x)dWt(x), 

x;(o) = x;(i) = xP(o) = xf>(i) = 0, A'„(i) = e(i) 

for X G (0,1), t G [0,T]. Theorem 11.11 applies here with 7 = |. More precisely. Theorem 11.11 proves 
that for all (p E C^{H, R), e G (0, oo) there exists a C G R such that for all A G N it holds that 

|E[(p(At)] -E[(p(Y^)]| (15) 


1.2 Notation 

Throughout this article the following notation is used. By N = {1,2,3,...} the set of natural 
numbers is denoted and by Nq = M U {0} the union of {0} and the set of natural numbers is 
denoted. Moreover, for a set A we denote by Id^: A —)■ A the identity mapping on A, that is, it 
holds for all a G A that IdA(a) = a. Furthermore, for a set A we denote by V{A) the power set of 
A. Let Sr ■ [0, oo) -E- [0, oo), r G (0, oo), be the functions with the property that for all x E [0, oo), 
r E (0, oo) it holds that Sr{x) = [ r(nr+j) ] Chapter 7 in [22] and Chapter 3 in [25]). In 
addition, let (■)■•■, (•)“: R -E [0, oo) be the functions with the property that for all a G R it holds 
that a'^ = max{a, 0} and a~ = max{—a, 0}. Moreover, for a number fc G Nq and normed R-vector 
spaces {Ei, i E {1,2}, let \-\up^^EuE 2 ) ’ Hup^{EuE 2 ) ■ C’^{Ei,E 2 ) -E [0, oo] be the mappings 

with the property that for all / G C^{Ei, E 2 ) it holds that 

l/lLip'=(£;i,E2) ~ 

x,y&Ei 
x^y 

ll/llLip'=(£;i,E2) = 11/(0)11^,+El/I Lip'(£;i,£;2) • (17) 

1=0 


Wx-vWe, ' 


(16) 
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Furthermore, for a number fc G No and normed M-vector spaces (F’j, Ij-Hg ), i G {1,2}, let 
Lip^(Ei,E 2 ) be the set given by Lip^(Ei,E 2 ) = {/ e ^^(^ 1 ,^ 2 ): WfWup^^i^E^E^) < 
addition, for a natural number fc G N and normed M-vector spaces (i?*, H-ll^.), i G {1,2}, let 
Mc'“(Ei E 2 ) ’ ll'llc'“(Ei E 2 ) ■ —t [0, 00 ] be the mappings with the property that for all 

/ G C^(F'i, E 2 ) it holds that 

k 

\f\c^(E-,,E 2 ) = sup \\f^'"\^)\\Lk{Ei,E 2 ) ’ \\f\\c^iEi,E 2 ) = ll/(0)IU2 + X] \f\cliEi,E 2 ) (18) 

xeSi 

and let Cl;{Ei,E 2 ) be the set given by C^{Ei,E 2 ) = {/ e C’^{Ei,E 2 ): \\f\\c^(EuE 2 ) < 
Moreover, for a normed M-vector space {U, IHIf;) and a linear operator A: D{A) C N —)■ f/ we 
denote by spectrum(24) C C the spectrum of A. For sets A and B we denote by M(A, B) the set 
of all mappings from A to B. In addition, for measurable spaces (12*, J^j), i G {1,2}, we denote 
by A1 (J^i,J^ 2) the set of all J^i/J^ 2 -nieasurable mappings. For two separable M-Hilbert spaces 
(FT, (•, ■)f^ , \\-\\jj) and {H, (•, ■)fy , \\-\\jj) let S{H, H) be the strong sigma algebra on F(Ff, H) given 
by S{H,H) = ^a&b{h) ^ L{H,H): Av G M}) (see, e.g.. Section 1.2 in Da Prato 

& Zabczyk [I3]). Finally, let M —)■ M, h G (0, oo), and I"-]/!: M ^ M, h G (0,oo), be the 
mappings with the property that for alH G M, h G (0, oo) it holds that 

\t\h = max((—oo, t] n {0, h, —h, 2h, —2h ,...}), (19) 

\t]h = min([f, oo) fl {0, h, —h, 2h, —2h ,...}). (20) 

1.3 General setting 

Throughout this article the following setting is frequently used. Let {H, (•, ■)jj , IHIj;^), {U, (•, ■)^ , 
ll-ll^), and (y, (•, •)y, IHly) be separable M-Hilbert spaces, let U C f/ be an orthonormal basis of 
U, let A: D{A) C Ff —)■ FT be a generator of a strongly continuous analytic semigroup with the 
property that sup(Re(spectrum(H))) < 0 (cf., e.g.. Theorem 11.31 in Renardy & Rogers [3Z1), let 
{Hr, (•, ■)jj , ll'll^ ), r G M, be a family of interpolation spaces associated to —A (cf., e.g.. Theorem 
and Definition 2.5.32 in [25] and Section 11.4.2 in Renardy & Rogers [37|), let T G (0, cx)), let 
Z = {{ti,t 2 ) G [0,T]^: fl < ^ 2 }, let (D, P, (J^t)tg[o,r]) be a stochastic basis, and let {Wt)t£[o,T] be 
a cylindrical Idf/-Wiener process w.r.t. {Et)t£[o,T]- 

1.4 Evolution family setting 

In Sections [6l [7] and [8] below the following setting is also frequently used. Assume the setting 
in Section O, let h G (0,cx)), (Cr-)reR ^ [l,oo), (Cr-,p)r,peR ^ [l,cx)), (Cr,f,p)r,f,peR ^ [l,oo), 
R & A4 (H([0, T]), H(F(iF_i))), S' G At (H(Z), H(F(iF_i))) satisfy that for all fi, t 2 , fs G [0, T] with 
ti < t 2 < fs it holds that St 2 ,tiSti,t 2 = und that for all (s,f) E Z, r,p E [0,1), r G [—1,1 — r) 
it holds that Ss,t{H) C H, Ss,tRl{H_r) c H,, \\e^^\\LiH,Hr) < Cpt-P, < CpE, 

||5's,t||L(H) < Co, \\Ss,tRs\\L{H.r,H) Z Cr{t — s)~^, \\Ss^t — ^ C _r,ph^ {t — s)Cp-''A ^ 

and ||S '^,1 Rs - < Cr,f,phP {t - s)Cp+^+Z+ _ 

1.5 Examples of evolution families 

In this subsection we provide two examples of evolution families which satisfy the assumptions in 
Subsection 11.41 




1.5.1 Exponential Euler approximations 


Assume the setting in Section [hS] and let S G and G Ad(i3([0,T]), 

, h G (0, oo), satisfy that for all h G (0, oo), t G [0,T], (^ 1 ,^ 2 ) G Z it holds that 
s,,,, = and = e*-* Then it is well-known (see, e.g., Lemma 11.36 in Renardy & 

Rogers [37]) that there exist real numbers (Cr)reR ^ [ 1 ; 00) such that for all h G (0, cxo), ti,t2,t3 ^ 
[0,T] (s,f) G Z, r,p G [0,1), f G [-1,1 - r) with < ts < ^3 h holds that 
R,,t(iL) C H, C id,, ||e*^ - IdH|U(H,r^_,) < ||^.,t||L(r^) < 

Co, \\Ss,tR':\\LiH.^,H) < Cr{t-s)-\ ||IU(r/,r^_.) = 0, and 


C 


r+f+p 


hp {t 


\-(p-|-r+f)+ 


,Hf ) < 


1.5.2 Linear-implicit Euler approximations 

Assume the setting in Section [T73] and let G Ad (R(Z), R(L(iL_i))) , h G (0, 00 ), and G 

Ad (R([0, T]), R(L(R_i))) , h G (0,oo), satisfy that for all h G (0, 00 ), t G [0,T], (^ 1 ,^ 2 ) £ Z 

it holds that = (Id^^-(ti - LtiJh)A)(ldH-(t2 - [t2}h) A)~\ldH and 
R[* = (Idj:/ —{t — [tj/i) A) ^. Then there exist real numbers (Cr)reiR ^ [I5 00)5 (C'r,p)r,peiR ^ [ 1 ; 00)5 
{Cr,f,p)r,f,pm ^ [l,cxo) such that for all h G ( 0 ,cxo), R,12,^3 £ [ 0 , 7 "], (s,f) G Z, r, p e [OOi 
f G [- 1 , i - r) with ti < fs < t3 it holds that C H, S^^^R'^{H_r) ^ Hf, 

\\e^'^\\L(H,Hp) < Cpt~P, ||e*^-IdH||L(rf,H_p) < CpR, ||5'3_t||L(pf) < Co, 115'^,*R^||L(H_^,rf) < Cr {t-sY 


||^h^_g(t < C_r,phP{t-s) and ||R 

5^-(p+»’+A+ 


s.t 


R, 


gh < Cr^f^phP {t 
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2 Strong a priori estimates for SPDEs 

In this section we establish in Proposition 12.11 below an a priori estimate (see ([22])) for an appro¬ 
priate class of stochastic processes (see (l2T]) l which includes solution processes of certain SEEs 
as special cases. The proof of Proposition 12.11 uses the generalized Gronwall lemma in Chapter 7 
in Henry [22] (see, e.g., also Corollary 3.4.6 in [23]). Related estimates can, e.g., be found in 
Proposition 2.5 in Andersson & Jentzen [1]. 

2.1 Setting 

Let (R, (•, •)j:^, ll-ll^) and (R, (•,•)[/, |M|(/) be separable R-Hilbert spaces, let T G (0,cxo), p G 
[ 2 , 00 ), 'd G [0,1), y, z G [0, 00 ), let (12, R, P, (J-t)tg[o,r]) be a stochastic basis, let (HA)te[o,r] be a 
cylindrical Id{/-Wiener process w.r.t. {Rt)te[o,T], let X: [0, T] x 12 —)■ R be a stochastic process with 
sup^g[o,T] l|7fs||LP(P;iy) < 00 , and for every t G (0,T] let ZC [0, t] x 12 —)■ R and ZC [0,2] x 12 —)■ 
HS{U,H) be (R 5 )sg[o,i]-predictable stochastic processes which satisfy that for all s G (0,2) it holds 
that 


iin* 


\LPiV-,H) < -- 


and 


11/7*11 ZSUp,^grQ_^] ||X„|Pp(p.^) 

\\^s\\lp(¥-,HS{U,H)) S -- 


( 21 ) 
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2.2 A strong a priori estimate 

Proposition 2.1 (A strong a priori estimate). Assume the setting in Section (Ail Then it holds 
for all t G [0,T] that P( ||^s*||ir + W^WWsiu h) ^ ~ ^ holds that 


sup \\Xt\\LP{v-,H) < (p - 1) 


te[o,T] 


sup 


[ Yfds + 

f ZldWs 

< 

ie[o,T] 


Jo 

to 

LP{¥-,H) 


• \/2£n- 






, , yTd-’’) , zVp(p^n)T(T^ 

^ (1-^) ^ 


sup ||Xt|lLp(P;H) < OO. 
te[o,T] 


( 22 ) 


Proof. We first observe that ([2T]), Holder’s inequality, and the assumption that sup^gjQ j.] || W||iP(P;H) 
< cx) imply that for alH G [0, T] it holds that 


\Ys\\lp{¥-,h) ds <y 


sup^e[o,s] \\Xv\\lp{f-,h) 


{t - sY 


ds 


<y 


^(1 


( 1 -^) 


{t - sY 


ds 


1/2 


(23) 


< CXO. 


In addition, we note that fl^ and again the assumption that sup^g[o,r] l|-^s|lLp(P;n) < oo show that 
for alH G [0,T] it holds that 


p(p-i) 

2 


74 l|2 


^s\\LP{¥-,HS{U,H)) 


ds 


1/2 


< Z 


p{p-i) ®^PDe[o,s] II^'!'I1 lp(P;_h') 
^ 'o 


ds 


1/2 


< OO. 


(24) 


Combining (l23|) - fl2^ and the assumption that p > 2 proves that for all t G [0,T] it holds that 
fo II^/I|lMP;H) + \\^1\\l'^{¥-hs{uH)) d^ < ^o. This, in turn, shows that for all t G [0,T] it holds P-a.s. 
that 


II II H + \\'^s\\hs(u,h) ds < OO. 


(25) 


It thus remains to prove fl2^ to complete the proof of Proposition 12.11 For this observe that fl23|) - 
fl25|) and the Burkholder-Davis-Gundy type inequality in Lemma 7.7 in Da Prato & Zabczyk [13 
imply that for all t G [0,T] it holds that 


Yfds 


+ 


LP{¥-,H) 


Zl dWs 


'0 


LP{¥-,H) 


< 


^ ^. /p(p-1) 




SUP4;g[0,.] Il^^>ll LP(¥-,H) 


ds 


1/2 


(26) 


Next we observe (cf., e.g., |2l]) that for all t,u E [0,T] with t < m it holds that 


®^P«g[0,s] ||^’^|lLP(P;r4) 


{t - sY 


' U — t 


(u — s)’’ 


< 


' u—t 


ds < 


•y ^ 

®^Pi;e[0,s—n+t] |Ilp(P;J?) 

{u — sY 
II IV 11 ^ 

®UPue[0,s] ll^’' |lLP(P;_ff) 

{u — sY 


ds 


(27) 


ds. 


Moreover, we note that the Minkowski inequality ensures that for all t G [0,T] it holds that 

\\Xt\\LP(¥-,H) 


< 


Xt- 

[ Yfds+ [ ZldWs 


+ 

fy’.ds 

+ 

[ ZldWs 


Jo Jo 


LP{¥;H) 

Jo 

LP(¥-,H) 

Jo 


( 28 ) 


LP{¥;H) 
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Combining (l26])-([28j) with the fact that V a, 6 G M: (a + &)^ < 2a^ + 2&^ proves that for all m G [0, T] 
it holds that 


sup \\Xt\\lp(P-H} < 2 sup 
tG[o,u] te[o,r] 




ds + 



2 


LP(P;_H') 


yy(l-J)/2 /p(p-l) 


n 2 


supte[0,.] 




ll,P(P;r/) 


(u-s) 


1 ? 


ds. 


(29) 

(30) 


This and the assumption that sup^gjQ ^.] ||Xs||lp(P;//) < oo together with the generalized Gronwall 
lemma in Chapter 7 in Henry j22] (see, e.g., also Corollary 3.4.6 in [23]) proves the hrst inequality 
in fl22p . In the next step we note that 0261) implies that 


sup 

i6[0,T] 




pi ft 

Y^^ds+ / ZldWs 


uo 


LP{¥-,H) 


< sup sup 

ie[o,r] ’ ie(o,T] 


ft 


ft 


/ y^ds 

+ 

/ ZldWs 


Jo 

LP{F;H) 

Jo 

LP{¥;H) 


(31) 


< 


1 + 


yTd-’’) 

0^ 


Ip (p- 

2(1-7?) 


sup ||XtI 
te[o,T] 


LP{¥-,H)' 


This proves the second inequality in fl22]) . The third inequality in 02 2 p is an immediate consequence 
of the assumption that sup^g^.T] ||Xs||lp(P;H) < oo. The proof of Proposition 12.II is thus completed. 


□ 


3 Strong perturbations for SPDEs 

In this section we prove in Corollary 13.11 a perturbation estimate (see ([33])) for an appropriate 
class of stochastic processes which includes solution processes of certain SEEs as special cases. 
Corollary 13.11 follows immediately from Proposition 12.11 in Section |2l Corollary 13.11 extends the 
perturbation estimate in Proposition 2.5 in Andersson & Jentzen [T]. Further related strong 
perturbation estimates for SEEs can, e.g., be found in Hutzenthaler & Jentzen [23] . 


3.1 Setting 

Let {H, (•, ■)jj -, \\-\\jj) and {U, (•, ■)jj , IHIf/) be separable M-Hilbert spaces, let T G (0, oo), p G [2, oo), 
7? G [0,1), y, z G [0, cx)), let (f2, X, P, (X 4 )tg[o,T]) he a stochastic basis, let (Wt)t£io,T] he a cylin¬ 
drical Id( 7 -Wiener process w.r.t. let X,X: [0,T] x —)■ 77 be stochastic processes 

with sup^gjo^T] “ Xs\\lp{¥-,h) < oo, and for every t G (0,T] let Y^,Y^\ [0,t] x Q ^ H, 
Z^,Z^: [0,f] X —)■ HS{U,H) be (Xs)s6[o,t]-predictable stochastic processes such that it holds 

P-a.s. that Jq llX^lliT + ll^/lliT + \\^1\\hs(uH) + \\^1\\hs(uh) ds < oo and such that for all s G (0,f) 
it holds that 


\\yl-yl 


I , ysup„g[o,,,i 

\Lp{¥-,H) S - 




u\\lP (P;/f) 


{t-sY 


\z:-z: 


I ^ zsup^^gTQ ||X„-Xu||iP(p.^) 

\lp{¥-,HS{U,H)) < - (t-sfn -• 


(32) 


3.2 Strong perturbation estimates 

In the next result. Corollary 13.11 a certain strong perturbation estimate is presented. Corollary 13.II 
is an immediate consequence of Proposition 12.11 Corollary 13.11 is an extension of the perturbation 
estimate in Proposition 2.5 in Andersson & Jentzen [1]. 
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Corollary 3.1 (A strong perturbation estimate). Assume the setting in Section \Wl\. Then 


sup \\Xt — Xt\\LP{F-,H) < 

te[o,T] 




+ zJp {p - 1) n^-^) 


sup 

te[o,T] 


X- 


rt rt 

Ur, I / n't 


I F;ds+ / zidWs 

L-'O Jo 


+ 


ft ft 

't . / ryt 


I Y;ds+ / zidw, 

L-'o Jo 


-X, 


LP(P;H) 


( 33 ) 


^ \/2 T(i— 


(i-tt) 




sup \\Xt - Xt\\LP(P-H) < OO. 
te[o,T] 


As an application of Corollary 13.11 we establish in the next result, Corollary 13.21 an a priori 
estimate for the difference of two numerical approximation processes with possibly different initial 
values. Corollary 13.21 is an extension of Corollary 2.6 in Andersson & Jentzen [T]. 

Corollary 3.2. Assume the setting in Seetion [Ql let S G M([0, T], L(iJ)), and assume that for 
all t G [0,T] it holds P-a.s. that 

Xt = StXo+ [ Yfds + 

Jo 

Then 


ZldWs, 


x = StX.+ 


Yf ds + 


ZldWs 


(34) 


sup IIX — X||lp(P;H) 

t&[0,T] 


< \/2 


sup ll^tllL(H) 

1 X ~ Xl LP(P;H) ^^(1-1?) 

+ z^p(P i)r(‘-» 

t&[0,T] 


L -1 


(35) 


4 Strong convergence of mollified solutions for SPDEs 

In this section we establish in Proposition 14.31 below an elementary a priori bound on the differ¬ 
ence between a certain stochastic process and a mollihed version of this process. In the proof of 
Proposition 14.31 we use Corollary 13 .1 1 from Section |3] above. Results related to Proposition 14.31 can, 
e.g., be found in Proposition 4.1 in Conus et al. [n] and in Lemma 2.8 in Andersson & Jentzen [I]. 


4.1 Setting 

Assume the setting in Section lOl let p G [2,oo), A G [0,1), U G A4 (i3([0, T]), i3([0, T])), 
(CrUm ^ F e Lip°(iL,iJ_^), B G Lip\H,HSiU,H_^/,)), L G M{B{Z), I3iL{H_,))) 

satisfy that for all t G [0,T] it holds that n(t) <t and that for all (s,f) G (Z fl (0,T]^), p G [0,1) 
it holds that Lo^t{H) C H, Ls,t{H_p) C H, \\e^^\\L{H) < C'o, ||e*^ - Idrf||L(Hp,rf) < Cpt^, and 
\\Ls,t\\L{H-p,H) < Cp {t - s)~P, and let Y'^: [0,T] x Q ^ H, k e [0,T], be (X)te[o,T]-predictable 
stochastic processes which satisfy that for all k G [0,T] it holds that sup^gjo.r] l|d^n(plUp(P;i^) < 
and which satisfy that for all k, G [0,T], t G (0,T] it holds P-a.s. that Y^ = Y^ and 


_ 


Lo,tY,- 


+ 


T pftA ; 


F(YS^p ds + 


T 

^s,t e 


B(Y, 


K. > 

n{s)' 


dWp 


(36) 


4.2 A priori bounds for the non-mollified process 

In this subsection we establish two elementary and essentially well-known a priori bounds for the 
processes Y'^, k G [0,T], from Subsection 14.1[ The hrst a priori bound is presented in Lemma [4.II 
and the second a priori bound is given in Proposition 14.21 below. 
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Lemma 4.1. Assume the setting in Section \4-l\ and let k G [0,T]. 
< oo. 


Then suptg[o,T] \\Yr\\Lv{w,H) 


Proof. We observe that the Burkholder-Davis-Gundy type inequality in Lemma 7.7 in Da Prato 
& Zabczyk [13] ensures that for alH G [0,T] it holds that 


Jo 

1 1/2 

\\Ls,t e^^5(hi7(s))||LP(p;_ffs(r/,H)) ds 

^ r \\VA\ I , 

^ ^oWTo \\lp{¥-,H) + / 


p(p-l) 

2 


(t-s)’S 

K, -1112 




n 1/2 




ds 


< 


Co + 


CoC^T( 1 ’’b|l^llLipO(H,H_.^) C'o C'^/2\/p (p ll^Cl ’’d|ll|lLipO(_H-,_H-s(C/,H_.^/2)) 


( 1 -^) 


+ 


V2-2i? 


• sup II max{l, ||Y'n(,d|//}||iP(p.K). 
se[o,T] 


(37) 


This and the fact that sup 4 g[o,T] II iiiax{l, ||yj^(j)||//}||LP(p.K) < 1 + sup^gp -pj ||Fj^(^)||lp(P;//) < cx) 
complete the proof of Lemma 14.11 □ 

In the next result, Proposition 14.21 an a priori bound for the process is established. The 
proof of Proposition 14.21 uses Corollary 13.11 and Lemma [4.11 above. 


Proposition 4.2 (An a priori bound for the non-mollihed process). Assume the setting in Sec- 
tion\4.1\ Then 


sup ||L)°||lp(P;H) < \/2 
te[o,r] 


sup max{l, ||Lo,t||L(H)} ||h;)°||LP(P;H) 
.i6(o,r] 




■Sn_ 


( 1 - 1 ?) 


( 1 - 1 ?) 


C.&/2\/V(pCT)YP~P) \\B{0 )\\hS{U,H_^^2) 


(38) 




+ C^/2J pip - 1) TA-^) \B\^ipO^H,HS{U,H_ 


1J/2)) 


< CXO. 


Proof. Throughout this proof let L: {(fi,t 2 ) G [0,T]^: C < ^ 2 } —^ 7i(i7_i) be the mapping with 
the property that for all (^ 1 ,^ 2 ) G Z, u G iP-i it holds that with the property 

that for all t G [0,T] it holds that Lt^t = Idiif_j. Combining Corollary 13.11 and Lemma [4.11 showsi 
that 


sup 

?e[o,T] 


lLP(P;ir) 


< \/2 


sup 

te[o,T] 


Lo,tY^+ / ls,tFit))ds+ / ls,tBit))dWs 




( 1 - 1 ?) 


C'& \B\Lip°{H,H_^) + \lpip ~Y) TA C^/2 |-B|LipO(H,r?5(i7,r?_ 


LP(P;r/) 
15 / 2 )) 


(39) 


Combining fl3^ with the triangle inequality and the Burkholder-Davis-Cundy type inequality in 
Lemma 7.7 in Da Prato & Zabczyk [13] completes the proof of Proposition 14.21 □ 

^with Xt = 0, Yf = Ls,tF{0), Zl = Ls^tB{0) for s £ (0,t), t G (0,T] in the notation of Corollary 13.II 
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4.3 A strong convergence result 

Proposition 4.3 (A bound on the difference between the mollified and the non-mollified pro¬ 


cesses). Assume the setting in Section \4^ and let k E [0,T], p E [0, Then 


siir. 1 — V^W < — 

'’Lip W^t \\lp(P-H) — TP 

t&[0,T] ^ ' 


suPie(o,r] max{l, \\Lo^t\\LiH)} max{l, ||Po°IUi’(P;J^)} 


+ 


Cp Cp+^ tP l|P’llLipO(ir,ir_^) ^p Cp+i?/2\/p(p l)r(i ’’) 
7i Iq r\ H“ / . _ 






(40) 


^(1-1?) l)Td '^'iCoC^/2 |-B|Lip“(ir,H5(;7,ir_^/2)) 


Proof. First of all, we observe that Lemma [4.11 allows us to apply Corollary 13.11 to obtaiij^ that 


te[o,r] L > 




r' \/2tP I 


■ \/2 sup 

i6[0,T] 


( Hh -e'^^)F(y^(,)) ds + r ( Hh -e'^^)5(y^(,)) dhF, 

Jo 


(41) 


LP(P;jr) 


Moreover, we observe that for all t G (0,T] it holds that 


f; 

n,, (Id^-e”-") F^Y<>^p)d, 


< 




LP{V-,H) Jo 


ll-^llLip°(g,H_,,) sup uiax{l,||i;°||LP(P;H)}fi:'’. 

s6[0,T] 


(42) 


In addition, the Burkholder-Davis-Gundy type inequality in Lemma 7.7 in Da Prato & Zabczyk 
implies that for all t E (0,T] it holds that 


L,,t (Idff -e"^)5(y^(,))dhF, 


< 

< 


p{p 


.-1) \CpCp+^/2 n‘ 


LP(P-,H) 


(t -sY2p+i}) \\^0^n(s))\\LP(F-,HS{U,H_p/2)) 


1/2 


(43) 


CpCp+, 5 / 2 \/p(p-l)iU ^ '^P'> II Qii r. ii-iaOii I 

V 2 - 2 ^- 4 p \\B\\up°{H,HS{U,H_p/ 2 )) SUp max{ 1, ||Pj]iP(P;//) } 

s&[0,T] 


K'' 


Putting 


and 


into (I4T]) yields that 


sup 11^^° - < \/2 kL’ sup max{l, ||y)°||ip(p.H)} 


ie[o,T] 

■ ^^(1-1?) 

CpCp+^T(^-^-p) 


te[o,T] 


V2rP-’i)CoC,9 


-^lLip°(H,H_,,) + Y P (p “ 1) C'o C'i ?/2 |-B|LipO(H,ri5(i7,r/_,,/2)) 


(44) 


(1-19-p) 


ll^llLipO 




+ 


Cp Cp+,2/2\/p (p-1) Td-’i-zA 


V2-2)9-4p 


151 


Lip°(^^,H5(C/,ri_p/2)) 


^with Vt = Yf = Lg^t for s G (0,t), t G (0,T] in the notation of 

Corollary 13. II 
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Combining Proposition 14.21 and fl44|) proves that 


11 - ^ri LH¥-m ^ 2 sup max 

^ ’ Lt6(0,T] 

(1-1?) ' V2-2i? 


:{l) \\Lo,t\\L{H)} max{l, ||P"o°IUj’(P;J?)} 




(i-i?-p) 


+ 


Cp Cpj^^l2^/p{p 1)T(1 ^ 2p) ||S||l;pO(^^^ 5([7 
V2-2i?-4p 


^’( 1 - 1 ?) 




Hence, we obtain that 


\Y^-Yrr' 


< 


2kP 


T T \ \lp{F;H) — TP 


sup max{l, |lLo,t||L(ri)} max{l, ||yo°||i,p(P;//)} 


+ (1-1?) + 


Lie(o,r] 




CpC’p+^jTfl '’bl-^llLipO(if,H_.^) C'p C'p+i9/2\/p (p 1)T(1 ’’bl-B|lLipO(fl-,irS((/,H-_^^2)) 


^^(1-1?) 


(1-i?-p) + 

v/2T(i-’’)CoC,,|F|l;pO(«,«_^) 


V2-2t?-4p 


+ \Jp{p -1) Co C,9/2 \B\upO(^H,HS{U,H_^f2)) 


( 45 ) 


(46) 


This implies (HH]) . The proof of Proposition 14.31 is thus completed. 


□ 


5 Mild stochastic calculus 

In Theorem 1 in Da Prato et ah IE] a new - somehow mild - ltd type formula has been proposed 
and this formula has been called mild ltd formula. The mild ltd formula suggested in Theorem 1 in 
Da Prato et al. [12] has been proved from the deterministic starting time point to ^ [0, C)o) to the 
deterministic end time point t G [to, cxd). In Theorem 15.31 in this section we generalize this mild ltd 
formula by allowing the end time point t E [to, C)o) to be a stopping time. We then use Theorem l5.3l 
to derive a mild Dynkin-type formula in Corollary 15.61 This mild Dynkin-type formula, in turn, 
is used in Proposition 15.81 below to derive suitable estimates for expectations of compositions of 
smooth functions and mild ltd processes. Proposition 15.81 is used intensively in the proof of the 
weak convergence result in Theorem 11.11 fsee Section [6] for details). 

5.1 Setting 

Throughout this section we assume the following setting. Let to ^ [0, oo), T G (to,oo), = 
{(^ 1 ,^ 2 ) G [^ 0 , 1 "]^: H < ^ 2 }, let (D, P, be a stochastic basis, let be a cylin¬ 
drical Idc/-Wiener process w.r.t. let {H, (•,-)^, II-IIh), {H, (•, •)^, ll-ll^), {H^ (•,-)h, IMIh), 

(C, (•, ■)jj , IHIf/), and (D, (•, ■)y , Ij-Hy) be separable M-Hilbert spaces with H Y H Y H continuously 
and densely, and let U C f/ be an orthonormal basis of U. 

5.2 Mild Ito processes 

For the convenience of the reader we recall the notion of a mild ltd process; see Definition 1 in Da 
Prato et al. n. 
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Definition 5.1 (Mild ltd process). Assume the setting in Section [ATI let S': Z —)■ L{H,H) be 
a , H)-mea.suYaJo\e mapping such that for all ti,t 2 ,t 3 G [to,T] with ti < t 2 < ts it 

holds that S'tjtgS't^tj = S'^j^g, and let Y: [to,7"] xil ^ H, Z: [to,T] x fl —)■ HS{U,H), and 
X: [to,T] X fl —)■ if be (J^t)ig[t(,^r]-predictable stochastic processes such that for all t G (to,^] h 
holds P-a.s. that ||S'<,, 4 ys||^ + \\Ss^tZs\\\gf^-^j ds < oo and 


ds+ [ Ss,tZsdWs. (47) 

J to 

Then we call X a mild ltd process (with evolution family S, mild drift Y, and mild diffusion Z). 

Lemma 5.2 (Regularization of mild ltd processes). Assume the setting in Section \5.1\ and let 
X: [to,^] X Q ^ H be a mild ltd process with evolution family S: Z ^ L(H,H), mild drift 
Y: [to,T] X Q, ^ H, and mild diffusion Z: [to,T] x —)■ HS{U,H). Then 

(i) there exists an up to indistinguishability unigue continuous stochastic process X: [to, T] x 12 —)■ 
H with Vt G [to, T): ¥{Xt = St,TXt) = 1 

(a) and for all continuous stochastic process X: [to,T] x Q ^ H with Vt G [to,T): P(A't = 
St,TXf) = 1 and all t G [to,T] it holds that X is {Xs)se[to,T]-P'>^^dictable, it holds P-a.s. that 
Xrp = Xt and it holds P-a.s. that 


Xt = Sto,tXto+ I S,.tY, 


'^0 


Xt = Sto,TXt,+ / Ss,TYsds+ / Ss,TZsdWs 


'to 


'to 


(48) 


Proof. The assumption that X is a mild ltd process, in particular, ensures that it holds P-a.s. that 
IIS’s^tPsIIjj- + \\Ss^TZs\\%s|^^jj^ds < oo. This implies that there exists a continuous stochastic 
process X: [to, T] x Tl ^ H such that for all t G [to, T] it holds P-a.s. that 

Xt = St,,TXt,+ [ S,,TYsds + 

Jto 

Next observe that Dehnition 15.11 ensures that for all t G {to,T) it holds P-a.s. that 


A, 


s,T 


ZsdWs. 


'to 


(49) 


I S,,TY,ds+ I S,,TZ,dW, 


^s,T 


s,T s 


ho 


ho 


= St,T St,,t Xt, + / Ss,t Ysds+ Ss,t Z, dw, = St,T Xt. 


ho 


ho 


This establishes that for all t G [to,T) it holds P-a.s. that 


St,,TXt,+ I Ss.TYsds+ I Ss.TZsdWs = St.TXt. 


’s,T r s 


s,T^sO.VVs — Ot^T 


'to 


'to 


(50) 


(51) 


Combining fIFTD with fl4^ shows that there exists a continuous stochastic process X: [to, T] x 12 —)■ 
H such that for all t G [to,T) it holds P-a.s. that 


Xt = St„T Xt, + / Ss,T Ysds+ Ss,T Z, dWs = St,TXt. 


'to 


'to 


(52) 


Moreover, observe that for all continuous stochastic processes X,Y-. [0,T] x 12 —)■ iV with Vt G 
[to,T): P(Xt = Yt) = 1 it holds that P(Vt G [to,T]: X* = Yt) = 1. Combining this with flS2]) 
proves Item ([i]). Item (jnl) is an immediate consequence from fl52|l and Item ([i]). The proof of 
Lemma 15.21 is thus completed. □ 
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5.3 Mild Ito formula for stopping times 

Theorem 5.3 (Mild ltd formula). Assume the setting in Section l 5 J[ let X: [tQ,T] xQ ^ H be a 
mild ltd process with evolution family S': Z —?■ L{H,H), mild drift Y: [tQ,T] xQ^lf, and mild 
diffusion Z\ [to,T] x —)■ HS{U,H), let X: [to,T] x Q ^ H be a continuous stochastic process 

with Vf e [to,T): ¥[Xt = St^rXf) = 1 (see Lemma \ 57 E) . let r e [to,T), cp = e 

T] X H,V) and let t: —)■ [r, T] be an {Xt)tG[r. T]-stopping time. Then it holds P-a.s. that 


dx 


ip){s,Ss,TXs)S,,TYs\\y+\\{£g^){s,Ss,TXs)Ss,TZs\^^^^^ < oo, 


lly + 11(93.2 V^)(S; S's,T-^s)||L(2)(i?,\/) ds < 00, 


ip{T, X^) = ip{r, Sr,TXr) + (^(^) (s, ds + / Ss^T^s) Ss^tZs ds 

Jr Jr 

+ f {£ip){s,Ss,TXs)Ss,TZsdWs + lJ2 f {i2T){s,Ss,TXs){Ss,TZsU,Ss,TZsU)ds. 


uSU ' 


(53) 

(54) 


(55) 


Proof of Theorem \ 5 . 3 l First of all, we note that Theorem 1 in Da Prato et al. [12] establishes 
dsnj) and flM|) . It thus remains to prove flS^ . For this let [z^] x H ^ V, (po^i: [r,T] x 
H —)■ L{H,V), (^ 0 , 2 : [i^,T] X H ^ L^‘^\H,V) be the functions with the property that for all 
t e [r,T], x,vi,V2 e H it holds that (pifi(t,x) = {^ip){t,x), (po^i(t,x)vi = {-§^ip)(t,x) vi, and 
<y^^o, 2 (t, a;)(ni, ^ 2 ) = {-^T){t, x){vi,V 2 ). Then note that Item (Juj) of Lemma 15^21 and the standard 
Ito formula in Theorem 2.4 in Brzezniak, Van Neerven, Veraar & Weis [9] show that it holds P-a.s. 
that 


ip{T,X.,) = ip{r,Xr)+ ipifi{s,Xs)ds+ ipo^i{s,Xs) S.^TZsds 


+ [ ipo,i{s,Xs)Ss,TZsdWs + ^Yl f 

«eu 


V^o,2('^; Xg) Zg n, Sg^x Zg n) ds. 


(56) 


Combining this with Lemma 1 in Da Prato et al. [12] and with the fact that Vt G [to, T): P(Xi = 
St,x Xt) = 1 shows that it holds P-a.s. that 


ip{T, X^) = ip{r, Sr,xZ:r) + / <^i,o(s, Sg^x^ig) ds+ (po,i(,s, Sg^xXg) Sg^x Zs ds 


+ 


ipo,i{s,Sg,xXg)Sg,xZgdWg + l Y j 2 ( 5 , Sg^xXg^ (^Sg^xZgU^ Sg^xZgU^ ds. 


The proof of Theorem 15.31 is thus completed. 


(57) 


□ 


Definition 5.4 (Extended mild Kolmogorov operators). Assume the setting in Section [5.11 let 
S: Z ^ L{H,H) be a S(Z)/iS(iL, iL)-measurable mapping such that for all ti,t 2 ,t 3 ^ [^o,7"] 
with ti < t 2 < ts it holds that St^, 1381^^^12 = and let (ti,t 2 ) ^ Then we denote by 

' C{H X H X HS{U, H),V) the function with the property that for all 99 G 

C\H,V), X e H,y e H, z e HS{U, H) it holds that 


(^fl,t2 7^) = Ji^h,t2 x) St,,t2 y+lYl x){St,,t2ZU, St,,t2 Z 


u 


(58) 


msu 


The next corollary of Theorem 15.31 specialises Theorem 15.31 to the case where r = t^ and where 
the test function (v5(t, a^))tg[io^(r],xeh ^ x H,V) depends on x E H only. 
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Corollary 5.5. Assume the setting in Section \5. iL let X\ [to,T] x Q ^ H be a mild ltd pro¬ 
cess with evolution family S': Z —)■ L{H,H), mild drift Y: [to,T] and mild dif¬ 

fusion Z: [tQ,T] X —)■ HS{U,H), let X: [to,T] x Q ^ H be a continuous stochastic pro¬ 
cess with \/t E [tQ,T): P(Xi = = 1 (see Lemma HO) , let ip E C'^{H,V), and let 

r; —)■ [to,T] be an {Xt)te[to,T]-stopping time. Then it holds P-a.s. that ||(^'(S's,r^s)S's,TZs||y + 
\\p'{S s,tXs)Ss,tZs\\%s{u,v) + W'{Ss,TXs)\\Lm{Hy) II‘S's.tZ's ds < oo and it holdsF-a.s. that 


p{Xr) = piSt^yX,^] 


/ (£f^^(^)(X„n,Z,)c?s+ / p'iSs,TX,)S,yZsdWs. (59) 

'to Jto 


5.4 Mild Dynkin-type formula 

Under suitable additional assumptions (see Corollary 15.61 below!. the stochastic integral in fl5^ is 
integrable and centered. This is the subject of the following result. 

Corollary 5.6 (Mild Dynkin-type formula). Assume the setting in Section \5A\ let X : [to, T] xD —)■ 
H be a mild ltd process with evolution family S: Z ^ L{H, H), mild drift Y: [to, T] xQ ^ H, and 
mild diffusion Z: [tg, T] xD —)■ HS{U, H), let X: [tg, T]xfl ^ H be a continuous stochastic process 
withyt E [to,T): P(Xt = StyXf) = 1 (see Lemma HOj) . let p E C‘^{H,V), and letr: D —)■ [to,T] 
be an {Xt)t&[to,T]-stopping time with the property that E[| ||<yc'(S's,T-^s) S's,t ■^s||^ 5 (f/y)-|- 

min{E[||vp(^i„,TXiJ + QCl^p){X,,Ys,Zs)ds\\v], E[\\p{£)\\v]} < oo. Then E[|iv9(X.)||v + 
\\p{Sto,TXtfj + j^^{ClTP){X,,Ys,Zs)ds\\v\ < oo and 

E[¥p(X.)] = E[(^(^i„,rX,J + lfiClTP)iXs, n, ^.) ds]. (60) 

Corollary 15.61 is an immediate consequence of Corollary 15.51 and, e.g., of the Burkholder-Dayis- 
Gundy inequality in Problem 3.29 in Karatzas & Shreye |26j . 


5.5 Weak estimates for terminal values of mild Ito processes 

Proposition 5.7. Assume the setting in Section \5. li let X\ [to,T] x Q ^ H be a mild ltd pro¬ 
cess with evolution family S: Z ^ L{H,H), mild drift Y: [to,T] x D —)■ iL, and mild diffusion 
Z: [to,T] X D —)■ HS{U,H), let p E C‘^{H,V), and assume that {\\p{Stf,,TXtf, + j^^SgyYgds + 
ZsdWs)\\v'■ {Xt)te[to,T]-stopping time t: D -E [to,T]} is uniformly E-integrable. Then it 
holds that E[|lv9(XT)||y + ||v3(S'io,r^tJ||y] < oo and 


||ie[»;(W)]L<||eP(s„,tX„)] 


iv 


T 

+ /E 
^0 


\\(Cly{X„Y„Z,)\ 


V 


ds. 


(61) 


Proof. First of all, we obserye that the assumption that the set {||</?(S'io,r-^to + SgyYg ds + 
fi] Ss,T Zs dWs) ||y: (J^t)fg[ 4 o_r]-stopping time r: D —)■ [tg, T]} is uniformly P-integrable ensures that 
E[||^(XT)||y+||9:^(^i„,TX,J||v] < oo. It thus remains to proye flMD . For this let r„: D —)■ [tg,T], 
n G N, be the functions with the property that for all n G M it holds that 

r„ = inf(^{T}u|fG [fg,T]: j Wp^S^yX,) Z£HSiu,v)ds > (62) 


and let X: [fg,T] x D —)■ iL be a continuous stochastic process with the property that Vf G 
[fg,T): P(Xt = StyXf) = 1. Note that Item ([i]) of Lemma Wf72\ ensures that X does indeed 
exist. Moreoyer, obserye that for all n G M it holds that is an (L^i)tg[tg_'r]-stopping time. 
Next note that Corollary 15.51 shows that it holds P-a.s. that jJ^^p'{SsyXs) Sgy Zs\(\jgy,y^ds < 
oo. This, in turn, establishes that it holds P-a.s. that lim„^ooT‘n = T. In addition, note that 
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Item (jn]) of Lemma 15.21 together with the assumption that the set {\\i^{StQ^T + j^^Ss^TYsds + 
fil Ss^T Zg dWg) ||y: -stopping time r: hi —)• [to, T ]} is uniformly P-integrable ensures that 

the set {||</?(^T„)|li/: n G N} is uniformly P-integrable. This and fl6^ establish that for all n G 
N it holds that E[||(/?(XT-„)lln] -l-||<y5'(S's^7’S's,T^s)||^5({/y) < oc. We can thus apply 

Corollary 15.61 to obtain that for all n G M it holds that 

eP(WJ] = Ey(s,„,TA:,„) + y., z.) *], ( 63 ) 

The triangle inequality hence proves that 

limsup||EP(WJ]L< |lEP(S,„,TA',„)]||v + /jE[||(£®r^)(X.,y,y)||K]*. ( 64 ) 

n—)-oo 


This together with the uniform P-integrability of {||‘^(WT-„)||y: n G N} proves fl6TH . The proof of 
Proposition 15.71 is thus completed. □ 

Proposition 5.8 (Test functions with at most polynomial growth). Assume the setting in Sec- 
tion 15. il let X\ [to,T] x fl ^ H be a mild ltd process with evolution family S': Z —)■ L{H,H), 
mild drift Y: [to, T] x Q ^ H, and mild diffusion Z : [to, T] x ft —)■ HS{U, H), and let p G [0, oo), 
(p G C^{H,V) satisfy sup^gj^ [||<^(x)||y(l + ||a;||^)-^] < cx) and \\Sto,TXto\\H + + 

[ J^^\\Ss,TZs\\^jjg(^^jj^dsY^^ G LP(P;M). Then it holds that E[||(y9(Xr)||v \\(p{Sto,TXto)\\v] < oo 
and 


|Ey(A-T)]L< I1 eP(S,„tA,.)]||j, + /e[||(£: 

to L 


It‘P)(X. 


V 7 

S? S? ZJ( 


V 


ds. 


( 65 ) 


Proof. Throughout this proof let X: [to,T] x ft —)■ iP be a continuous stochastic process with 
Vt G [to,T): P(W = St^T^t) = 1- Item (|I]) of Lemma ensures that X does indeed exist. In 
addition, we observe that Item (jn]) of Lemma [5.21 also implies that for all t G [to,T] it holds P-a.s. 
that 


WfixMv < 


MUJKy 

. J (1 + 


(1 + IIAiliy 


< 3 ' 


. J (1 + Ikfs) 


1 \\Sto,TZito 


IP 

Ij? 




' ^0 


+ 


Sg^TZgdWg 


'to 


H 


( 66 ) 


Moreover, e.g., the Burkholder-Davis-Gundy inequality in Problem 3.29 in Karatzas & Shreve f2E\ 
shows that there exists a real number C G [0, cx) such that 





V ' 


r 2 

p/2- 

E 

sup 

/ Sg^rZgdWg 


< CE 

/ Zs\\hs{U,H)^^ 



te[to,T] 

Jto 

H_ 


Jto 



Combining fl66D and (1671) yields that there exists a real number C G [0, oo) such that 


(67) 


E 


sup ||</?(Xt)| 

tG [to ,T] 


V 


<C l + E[||S,.,TA,.|ia+E 


lis,jy||s* 


'to 


Pi 


+ E 


'to 


||'S's,r Zs\\hs{u,h) 


p/2' 


( 68 ) 


In the next step we combine fl65]) with the assumption that US’^Q^r-^tolli? + ll*S's,TW||i 5 -+ 

[ \\Ss,TZs\\]jg^jj jj^dsY^‘^ G L^(P;M) to obtain that E[sup 4 g[ 4 j,^ 7 .] ||(p(W)||y] < x. Item ([n]) of 

Lemma [52] hence proves that E[supjg[i|j-r] \\ip{St„TXt, + flSg^tYgds + flSg,tZsdWg)\\v] < oo. 
Combining this with Proposition 15.71 completes the proof of Proposition 15.81 □ 
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6 Weak temporal regularity and analysis of the weak dis¬ 
tance between Euler-type approximations of SPDEs and 
their semilinear integrated counterparts 

In this section we establish a weak temporal regularity result in Proposition 16. 2l below. In addition, 
we prove a weak approximation result in Proposition 16.41 below. The proofs of Proposition 16.21 and 
Proposition 16.41 use Proposition 15.81 which, in turn, is established by an application of the mild ltd 
formula. 


6.1 Setting 

Assume the setting in Section HTTl let G [0,1), F G H_^), B G HS{U, 

p G [2,oo), let C C{H, be the functions with the property that for all v G 

If, & G U it holds that = B{v) 6, let <;f,b G be a real number given by <;f,b = 

max{l, let Y,Y: [0,T] x Q ^ H he (Ji)i6[o,r]-predictable 

stochastic processes such that ||ho||Lp(P;r/) < oo, such that Yq = Yq, and such that for all t G (0,T] 
it holds P-a.s. that 

Ss,tRsF{Y^,iJds+ [ Ss,tRsB{Y^,iJdWs, (69) 

Jo 

% = Fo + r F(yLsj J ds + f BiY^.^J dWs, (70) 

Jo Jo 

and let (A'r)re[o,oo) ^ [0, cxo] be extended real numbers which satisfy that for all r G [0, cxo) it holds 
that Kr = sup^ 4 g[o,r]E[max{l, ||F^||^, 



6.2 Weak temporal regularity of semilinear integrated Euler-type ap¬ 
proximations 

In Proposition 16.21 below we establish a weak temporal regularity result for the process Y in 
Subsection 16.11 The proof of Proposition 16.21 uses the following elementary result. 

Lemma 6.1. Assume the setting in Section IhAl Then 


sup Kr = Kp 

re[0,p] 


(71) 


< 


„ r II II , C^/2^/piP ’’b|e|lLipO(ff,HS((7, 

Co maxjl, \\Yo\\lp{f-,h)} H --^- — 




V2-2i9 


2p 


. 2(i+') 


Sn- 


(i-a) 




1?) 




+ p (p — 1) \B\uy>{H,HS{u,H_ 


‘S/2)) 


< 00 . 


Proof. First of all, we observe that the equality in fITT]) follows from the fact that for all x G 77, 
r, s G [0, 00 ) with r < s it holds that max{l, ||x||^} < max{l, ||x|||^}. Moreover, we note that the 
second inequality in (ITT]) is an immediate consequence from the assumption that ||Fo||lp(P;H) < 00 . 
It thus remains to prove the first inequality in (ITT]) . For this, we observe that the Burkholder- 
Davis-Gundy type inequality in Lemma 7.7 in Da Prato & Zabczyk jT3j ensures that for all k G 
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{1,2,..., L^Jh//i} it holds that 
\\ykh\\LP(p-,H) 


< 11^0 ,kh ho||LP(P;H) + 


fkh 


'0 


Ss,kh Rs ds 


+ 


LP{¥-H) 


r*kh 


S,,khRsB{Y^siJdWs 


LP{¥-,H) 


fkh 


< C'o ||^o||lp(P;//) + / \\Ss,khRsR(X[siJ\\LP{¥-,H)ds 

Jo 

fkh 1 1/2 

P(P-I) / lie D M|2 

2 


'0 


\\Ss,kh Rs R(Xls\h)\\LP{V-,HS(U,H)) 


< Co ||h"o||LP(P;//) + \\F\\up°iH,H_^) 


7e{o,i,...,fc-i} 


LP(P;R) 


r*kh 


'0 


(kh—s) 


ds 


C^/2 \\R\\up°(H,HS{U,H_^^2)) 


max max 
je{o,i,...,fc-i}" 


{i.i|yji.ii«}|i 

LP(P;M) 


pkh 1 1 /^ 

P(P^ / -^—ds 


2 / (kh-s)* 

Jo 


< 


c 




V2-2i? 


( 1 - 1 ?) 

^,^^max_^J|max{l,||y,,||H}|| 

LP(P;K) 


This and the assumption that ||lo||Lp(P;iP) < oo allow us to conclude inductively that 

sup ||ypjJ|LP(P;H) = max \\Ykh\\Lp{F-,H) < oo. 

te[0,T] k&{0,l,...,lT\h/h} 

We can hence apply Proposition 14.21 to obtairH that 

sup \\Yt\\LP{¥-H) < \/2 
te[o,T] 


(72) 




Co ||h))||LP(P;7/) + \\BiO)\\HS{U,H_^^^) 


(73) 


■Sn- 


( 1 - 1 ?) 




+ C^/ 2 \Jp (p — 1) \B\up°{H,HS{U,H_ 


> 5 / 2 )) 


Next we note that the Burkholder-Davis-Gundy type inequality in Lemma 7.7 in Da Prato & 
Zabezyk [TB] shows that 


sup ||17|liP(p.H) < sup II max{l, ||yt||H}||^p.p.Ri 

?e[o,T] te[o,T] ^ ’ ’ 


Co + 


CiS ITIlLipO(H-,H-_^) \/p(P 1)^^^ \\^\\upO(H,HS(U,H 


( 1 - 1 ?) 


+ 




(74) 


Moreover, we observe that for all s,t E [0,T] it holds that 

E[max{l, IIVK, ||y,K}] < EOlJlIia + E[max{l, ||y,K}] 


< sup l|y„lli«,,m+ sup ||max{l, ||y„||H}||™„. 

iie[o,T] iie[o,T] ^ ^ 


(75) 


This together with fl73l) and fl74jl proves the hrst inequality in flTTl) . The proof of Lemma 16.11 is 
thus completed. □ 


®with K = 0, Lo,t = So,t, Ls^t = Ss,tRs, n(s) = [sj?i for (s,t) G (Z fl (0,T]^) in the notation of Proposition IT^ 
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Proposition 6.2. Assume the setting in Section l67J\ and let r] G [0,oo), q G [0, oo) fl (—oo,p — 3], 
p G [0,1 — itt), 'ijj = {'ipix, y))x,yeH £ X H, V) satisfy that for all xi, 0 : 2 , y ^ H, i,j ^ {0,1, 2} 

with i + j <2 it holds that 

< pmax{l, llxill^, 11 x 2111 ^, \\y\\jj} \\xi-X 2 \\h. 
Then for all (s, t) E A it holds that E[||'0(i^, Yg) — i/jiYs, Ps)|| y] < cxo and 


|E[V'(F„ n) - ij{Yg, n)] \\^<y {t - sY 

2P (2C^+C'p+^+ 2 |C^/2p+2C'p_|_^/2 C'^/ 2 ) + + ^ 

tP ' (l-i9-p) 


(76) 


Proof. Throughout this proof let (Pr)re[o,oo) ^ be the functions with the property that 

for all r G [0,oo), x E H it holds that Pr(x) = max{l, ||a;||^} and let Yi,o- H x H ^ L{H,V), 
H X H ^ L{H,V), ^ 2 , 0 - H x H ^ L^^'>{H,V), Yo, 2 - H x H L^^YH,V), Yi,i- H x 
H -E- L^'^\H,V) be the functions with the property that for all x,y,vi,V 2 E H it holds that 
i>i,o{x,y)vi = {-§^i>{x,y))ivi) and 

Yo,i{x,y)vi = {-§^Y{x,y)){vi), Y 2 ,o{x,y){vi,v 2 ) = {-^Y{x,y)){vi,v 2 ), (77) 

Yo,2{^^y)i'^uV2) = {^Yix,y)){vuV2), = {-§^£Y{x,y)){vuV2). (78) 

Next we observe that Lemma [6T] and the assumption that q < p—3 ensure that < 77^+3 < C) 0 . 

Combining this with the fact that 


yxi,X 2 ,yE H: \\Y{xi,y) -Y{x 2 ,y)\\v < 2r/max{l, |la:i|||^\ Ik 2 |||f^\ Wyfn^} (79) 

shows that for all (s,f) G Z it holds that E[||-^(yt, L^) — ' 0 (^ 5 , 17)11 v] < 00 . It thus remains to 
prove fl76|) . To do so, we make use of a consequence of the mild ltd formula in Corollary 15.51 
above. More formally, an application of Proposition 15.81 showj^ that for all {s,t) G Z it holds that 
E[|l^(eh-^MF„y,) -^(F„y,)||^] < 00 and 


\\E[Y{Yt,Yg)-Y{Z,Yg)]\\^ < \\E[il;{e^^-^^^Z,Yg) -Y{Z,Yg)]\\^ 

+ rE[||0i,o(e(‘-^)^n,F5)e(‘-’')^F(rLqJ||^] dr 
J S 


+ 



U, Y.) B‘(yVj J) 

beu 



(80) 


In the following we establish suitable estimates for the three summands appearing on right hand 
side of flSU]) . Combining these estimates with flSO]) will then allow us to establish fl75]) . We begin 
with the second and the third summands on the right hand side of flSU]) . We note that the 
assumption that \/Xi,X 2 ,y E H\ 


\\ip{xi,y) - Y{x 2 ,y)\\y < r/max{l, ||xi|||^, ||x 2 |||^, WyWn} \\xi-X 2 \\h (81) 


implies that \/x,y G 77: |l'0i,o(a:, |/)||L(H^y) < ? 7 max{l, |lx|||^, |||/||f^}. This, in turn, proves that for 
all (r, t) E Z, u,v,w E H it holds that 


< p|Co0max{l, llullf^, |lu|||^} ||F(m;)||^ 

^ p|<Co0<C^max{l, ||u|||^, ||-g^||H}||7^||LipO(g, 9i{w) 

~ (t — rY 


(82) 


®with to = s, T = t, H = HxHxH,p = q + l, and ip{x,y,z) = tp{x,y) — il!{z,y) for {x,y,z) E H in the 
notation of Proposition [TH] 
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Next we observe that the assumption that 'ix\^X 2 -,y G H: 


-iJifiix2,y)\\^Hy) ^ hmax{l, \\xi\\%, \\x 2 \\jj, \\y\\%}\\xi - X 2 \\h (83) 

shows that \/x,y E H: ||'02,o(3 ^,I/)||l( 2 )(//,v) < r^maxll, |la:||^, ||2/||f^}. This, in turn, proves that for 
all (r, t) E Z, u,v,w E H it holds that 

beu 

< y\Co\^ max{l, Wnf^, |lu|||^} \\e^^~"'^^B{w)\\ls(u,H) (84) 

r/ICol^ |a/,pmax{l, ||u|||„ ||u|||,} PllLpO(g,H5(b/,H_,,/,)) 92{w) 

~ {t — 

Furthermore, we note that Holder’s inequality implies that for all r, I E (0, oo), s,t E [0, T] it holds 
that 


E[max{l,||y.fc,r.ir«}ffl(n.jJ] 


<1 sup |[niax{l, ||y„||5,, ||y, ll^llLi+Vqp;: 
< |/4+d^ \Kr+l\^ = Kr+l. 


sup ||max{l, II 
Me[o,r] 


(85) 


This and the fact that for all I E [0, oo) it holds that sup^gjg.T] prove that for all 

r, I E [0, cx)), s,t E [0, T] it holds that 

E[max{l,||n|r^,||yi|r^}(7KnhJ] <^^r+i. (86) 


Combining fl82ll . fIM)) . and fl86ll implies that for all {s,t) e Z it holds that 
/' E[|p,,(,(e'‘-’->'' y, n) e<‘-’'>'‘F(ypjJ||„] dr 

beU y. 

< V |C'o|'^ (c^ l|-^llLip'’(fb,//_,,) + I \C^/2\ l|-S|lLipO(H,rb5(C/,rb_,,/2))) -^9+2 j 
V IC'ol'' {C^ + 0 f,bK ,+2 {t - 


r* r 
E 


(87) 


< 


( 1 -^) 


Inequality (1871) provides us an appropriate estimate for the second and the third summand on the 
right hand side of fl80|) . It thus remains to provide a suitable estimate for the hrst summand on 
the right hand side of fISUD . For this we will employ Proposition 15.81 again and this will allow us 
to obtain an appropriate upper bound for F^, F^) — F(F,F)] ||^ for (s,f) E Z. More 

formally, let Fr^s,t'- HxHxH^V,rE [0, s), s G (0,t), t E (0,T], be the functions with the 
property that for all t E (0,T], s E (0,f), r G [0,s), u,v,w E H it holds that 


Fr,^,i(M,u,M;) 


= Fi,o(e^* ''^^u,Sr,sv) F(m;) - Fi,o(e^^ u, Sr,sv) F{w) 

+ S„RrF(w) 


( 88 ) 


and let : H x H x H ^ V, r E [0, s), s G (0, t), t G (0, T], be the functions with the property 
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that for all t G (0,T], s G (0, t), r e [0,s), u,v,w E H it holds that 

Br,s,t{u, v,w) = \Yj ^2,0 M, Sr,s v) B^{w ), B^{w)) 

feeu 

- u,Sr,sv){e^^-^^^ B\w),e^^-'^'^^ B\w)) 
beu 

+ I [^0,2{e^^~''''^U,Sr,sV) -ll)0,2{e^''~''^^U,Sr,sV)]{Sr,sRrB^{w),Sr,sRrB^{w)) ('39') 

+ E ^1,1 5'(m;)) 

beu 

- E ^ 1,1 M, v) i?, B\w)). 

beu 

An application of Proposition 15.81 then show^ that for all t G (0,T], s G (0,t) it holds that 

||E[^(e(^-MF„n)-^(n,y,)]||^<E[||^(e‘^yo,VE) - E, V E) ||v^] 

+ [\[\\Fr,s,t{Yr,Yr,Y^ri,)\\v] dr + T E [|| 4,,^ (F„ F,, Fl^j J || v] dr. 

Jo Jo 

In the next step we estimate the summands on the right hand side of flMI|) . We observe that for 
all f G (0,T], s G (0,f) it holds that 


( 90 ) 


|P(e“ K„, So,. Y„) - K„, S„,. Y„) ||^ 

< ?;max{l, |le“Ko||5„ ||So,,yoll?f} lle^ro - e'^'roIlH (91) 

< S |C„|«g,(r„) ||e“ - e-'|U,„, ||y„||„ < r, |C„|«g,+,(y„) 

This and the fact that E[5fq+i(lo)] < Rq+i imply that for all t G (0,T], s G (0,f) it holds that 

E[||^(e'^ n, ^o,s Yo) - Fo, ^o,s E) \\v] < V ic'd" Rq+i ^ - «)" • (92) 

Inequality provides us an appropriate estimate for the first summand on the right hand side 
of fl^U]) . In the next step we establish a suitable bound for the second summand on the right hand 
side of ([90]). Note that for all t G (0,T], s G (0,f), r G [0,s), u,v,w E H it holds that 

||dl,0 u, Sr,s v) g(s-r-)A ir(y;) ||^ 

< ||[di,o(e^*"C^M, -di,o(eC"C^M, F{w)\\^ 

+ ||di,o(eC-C^M, Sr,sv) - Id^) F(m;)||^ 

< V max{l, ||e(*-C^M|||„ ||Es^||",} || u\\^ ||e(‘-C^F(w;)||H 

+ T] max{l, ||Es^||^} ||eC-M (93) 

^ V ic'd!" max{l, ||M||f^, ||n|||^} \Cp\‘^ {t - s)p \\u\\hC^ l|C'||LipO(H,g_^) 9i{w) 

~ (s — r)P {t — ry 

T] ic'd" max{l, |1 m||^, |ln||"^} Cp+^ Cp {t - s)p ||F||LipO(ir,H_.,) gii.w) 

+ (5_y)(p+.?) 


||[do,i(e(*-C^M,A,,,n) -do.i(eC-C^M,^,,,n)] A,,, i?, F(w;) ||^ 

< r] |Co|"max{l, ||m||^, ||n||^} - eC-C^y||^ ||Es^r||L(r/_.,,r/) ||T'(w)||r/_., 

7] |Co|" max{l, ||m||"^, |ln||"^} \Cp\^ {t - sY \\u\\hC^ l|C'||LipO(H,r/_^) 9iM ^ 94 ^ 

- -(g - r)(-+'»- ^ ' 

^ glCol’ICpPC^maxIl, ||M|iy\ Ugliy'} l|f IlLip^H.g,,)?!)!") (t - s)** 

— (5_y()(p+i?) 

^with to = 0,T = s, H = H X H, p = q+1, and p{x, y) = y) — ’4’{x, y) for {x, y) E H in the notation 

of Proposition [THl 


24 










Inequalities flMj) and flMjl prove that for all t G (0,T], s G (0,t), r G [0,s), u,v,w ^ H it holds 
that 


\\Fr,s,t{u,v,u;)\\v 

<,|Co|d 


^ ^ \Cp\^C^ 


■ max 


<v\Co\^ 


{s — r)P {t — rY (s — 

{l. Il“ll/t‘. II'I'IIh‘} ll-F|lLlp»(/f,H_<)9lW {t-sY 


(95) 


Cp (2 CpC^ + Cp+ij) 


max{l, ||m||^\ |1w||^^} ||i^||LipO(r/,ir_^) 9 i{w) {t - s)^. 


(s — 

This and fl86|) prove that for all t G (0,T], s G (0,f) it holds that 

[\[\\Fr,,,t{Yr,Yr,Y^ri,)\\v]dr 

Jo 

^ r,\C„\‘‘C,{2C,Ct + C,+t,) 


(96) 






Next we provide an appropriate bound for the third summand on the right hand side of 
Observe that for all t G (0,T], s G (0,f), r G [0,s), u,v,w E F[ it holds that 

E M, Sr,s v) B\w), B\w)) 

feeu 

feeu ’ ’ ^ 

< E \\[i^ 2 ,o{e^^~'’^'^u,Sr,sv) - ilj 2 ,o{e^''~''''^ U, Sr,sv)]{e^^-^'^^ B’’{w))\\y 

beu 


beu 


< 


r] |Oo|9max{l, \\u\\jj, |lw|||^} \Cp\^ {t - sY \\u\\h |0^/2p l|5|lLpO(H,fbS([/,fb_^/2)) ^2H 

(s - rY (t - rY 

T]\Co\i max{l, ||m|||^, ||n||^} 2 Op+^/2 Cp {t - sY ll^llLpO(ir,H5(c/,H_^/2)) 

(^g — f-yp+^i ’ 

E [^0,2 M, Sr,s v) - Yo,2 M, Sr,s v)] {Sr,s Rr B'^{w), Sr,s Rr B^{w)) 


beu 


V 


< 


V lOol^maxIl, |1 m|||^, |1w|||^} \Cp\'^ {t - sY \\u\\h ||5|lLpO(H,HS(c/,rb^/2)) 


(s — r)0+0 

E ^1,1 u, Sr,, v) B\w), Sr,, Rr B\w)) 

beu 

- E ^1,1 F Sr,s v) B\w), Sr,, Rr B\w)) 


beu 


V 


< 


< 


E|[V'l,l(e^‘ Sr,,v) - Yl,l(e^^ U, Sr,s v)] (eJ BYw) , Sr,s Rr BYw)) j 

beu 

h E IV'I.I U, Sr,, v) - Id^) BYw), Sr,, Rr BYw)) | 

beu 

r] lOol^maxIl, |1 m|||^, ||u||f^} \Cp\‘^ {t - sY ||m||h \\^\\upO(H,HS(u,H_^/^)) ^2H 

(s - r)0+’’/2) (t - rys 

r7|C'o|'?max{l, \\u\\%, \\v\\%} Cp+^/,Cp{t - sY C^/2 ll^llLpO(H,rbS(c/,/b_^/2)) ^2H 

(^g_^)(p+0 


(98) 


( 99 ) 
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Inequalities imply that for all t G (0,T], s E (0,t), r E [0,s), u,v,w E H it holds that 

\\Br,sAu,v,w)\\v < r7|C'o|''max{l, \\ufA\ 11^11^^} “ s)ni^llLpO(//,HS([/,H_^/2)) ^2(w) 

, h‘iC^/2Cp+^/2Cp , , \Cp?\C^/2? , 

(s-r)P {t-rY ' (s-r)(P+'’) ' (s-r)(P+’>) (s_r)(p+’’/2) {t-r)'^/^ (s-r)(P+’’) 

< r; |C'o|''max{l, \\ufA\ {t - sf 

2C,C./, {C, Cs/2 + Cp^^/ 2 ) 

(s — 7")(P+’^) 

This and dSB]) prove that for all t E (0,T], s E (0,f) it holds that 


( 100 ) 


Jo 


2 Cp C,/2 {Cp C,/2 + cP+,/ 2 ) 


( 101 ) 


{I- 1 J- p) 

Combining fIM?]) with the estimates fl^ . (ES]), and fllOip yields that for all t E (0,T], s E (0,t) it 
holds that 

||EF., F) - F(F, F)] II,, < r; \Co\'^K,+, ^ (t - 


h \Co\^ Cp (2 CpC^ + Cp+Yj II pii /, xp (i_^_p) 

+- (1 _ ^ _ p) - It \\up°{H,H_,) Bq+2 [t - sYs^ 

p\Co\^ 2 CpC ,/2 (Cp C,/2 + Cp+,/2) 

(l-!»-p) 

< P \ Co\'^ (tF,B Kq+3 {t — sY 


— q^P q(I-’^-P) 


ll-®llLip°(H,HS((7,H_^/2)) -^g+3 Y s)'" S 

\Cp\^ Cp {2CpC,FCp+,+2Cp \C,/2?+2Cp+,/2 C^/z) 
sP ' (1—-i9—p) 


<p\Cp\YC,\'^^F^BKq+, (t-s) 


J_ (2 C,+Cp+,+2 \C,i 2?+2 Cp +,^2 C,/ 2 ) sC-^-P) 

sP ' (1—19—p) 


In addition, we note that for all (s, t) G Z it holds that 

|[Ep(ei‘-)"‘n,y.)-V'(v;,y.)]L 

< ,,E[mK{i, Ilei‘->'‘y||?„ Iiyii?,, Iiyii?,} Het'-*-* - Mh iu,„, ||y.||„] 

<,, |c„|i''+'> E[max{i, ||yr„, ||y,r„} ||y.||„] 

< .,|C„|l’+‘>E[max{l.||y,||yM|y.||y'}] < o|C„|l«+‘>/f,+.. 

Combining this with fll02p proves that for all {s,t) G Z it holds that 

||Ey(ei‘-‘)-<y,y,)-v>(y,y)]L 

fi'iIc.riCoii’+'icKfl/^+s'' 


niin<j 1 \ + h-^)F^*^^+'^p+'’+^l'^^/ 2 l"+ 2 F+,,/ 2 Cp/ 2 )Zi-’»-p) 


(i-i?-p) 


= p\Cp\YCoA^^AF,BKq+, 


-n f I 11 f \ J—P'’ I (2C'i5+C'p+,>+2|C,j/2p+2C'p+p/2C'p/2) C 

+ l[o,|)Fj • pZijp H 




(i-i?-p) 


(t-sr , h-^)F 2 C'^+F+^+ 2 |C',,/ 2 p+ 2 Cp+,,/ 2 C',,/ 2 )Zi-’’-^) 


Combining this, fl57)) . and dSU]) establishes that for all (s,t) G Z it holds that 

||E[p(y„y) -p(y„y)]||„ < 0|c„|<’+‘' |c,P?f,b k,+,( t- sY 

2 IP (2C',9+Cp+,9+2 |C,}/2p+2Cp_)_p/2 ^, 5 / 2 ) ^^^~'^~'’T(C',9 + i|Cp^2p) ^ 

tI (i-if-p) 

The proof of Proposition 16.21 is thus completed. 


( 102 ) 


(103) 


(104) 


(105) 

□ 
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6.3 Analysis of the weak distance between Euler-type approximations 
and their semilinear integrated counterparts 

Lemma 6.3 (Analysis of the analytically weak distance between Euler-type approximations and 
their semilinear integrated counterparts). Assume the setting in Section l6A\ and let p G [0,1); 
pe [0,l-[i^-p]+), t e (0,T]. Then 


\\Yt - 


\H-,) ^ 


< \K, 


|p h^ 


(106) 


t(e-p)+ 


I ll-^llLipO(ir,ir_, 5 ) I 

+ (l-(i?+e-p)+) + 


C’&/2,-p,q \/p(P l)tl {‘d+2Q 2p)+ 


^2-2(i?+2p-2p)+ 


Proof. First of all, we observe that 


y-ya 


t — J-t\ 
t 


LP{F-,H.p) 


< 




'0 


{Ss,tRs-e^'-^^^)B{Y^,iJdWs 


LP(P-,H-p) 


LP{F-,H.p) 

+ II {So,t — Yq 


(107) 


^\\lp{F;H-p) ■ 


Next we note that 


||(^o,i-e*^)Fo| 


<-^^\Kp\ph^ 

- t(p-p)+ ' 




LP{V;H-p) 


Y ||S'o,t — e^^\\L{H,H-p) ||ho||LP(P;H) < ||7o||l,P(P;jr) h^ 


(108) 


and 




< 


LP{F-,H-p) do 


\Lp{F-,H-p) 


ds 


(109) 


it - s)(’^+^>-p)+ 


(l_(^ + ^_p)+) ll^llLip^r/.H_,) i-P 


KJp h^. 


Moreover, observe that the Burkholder-Davis-Gundy type inequality in Lemma 7.7 in Da Prato & 
Zabczyk [13] proves that 


{S,,tRs-e^'-^'>^)B{Yy,^^)dWs 


LP{F-,H-p) 


< 


< 


P {P - 1) 




-I 1/2 


LP{F-,HS{U,H-p)) 


ds 


p(p_l) p \\B{Yi s}h)\\‘LP{F-,HS{U,H_if^^)) 

2 Jq (t _s)G+ 2 p- 2 p)+ 


ds 


1/2 


( 110 ) 


- y 2 - 2 (tf + 2 e- 2 p)+ '> • 

Combining fll07p - (lll0p completes the proof of Lemma 16.31 


□ 


Proposition 6.4 (Weak distance between Euler-type approximations and their semilinear inte¬ 
grated counterparts). Assume the setting in Section l6J\ and letp G [0, oo), q G [0, cxo)n(—cxo,p—3], 
p G [0,1 — dt), = {'iA{x,y))x,yeH £ x H,V) satisfy that for allx,yi,y 2 G H, i,j G Nq with 

i + j <2 it holds that 


Q(i+j) 
dx'- 


^■A^ij){x,yi) - (£ 0 ^/')(a;, 2 / 2 )||^(;+,)(^^^) < P max{l, ||a:|||^, \\yA\ji, || 2 / 2 |Ih} \\yi-y 2 \\H- 
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Then for all t G (0,T] it holds that'K[\\'ijj(Yt,Yt) — 'ijj(Yt,Yt)\\v] < oo and 
l|E[V'(F„y,) <v\Co\UF,BK,+sh>’ 

+ (i_^_p) ^C*^,o,p + 2 C *^/2 C*p/ 2 ,o,p + 2 (|C*,>/ 2 |^ + C*^) C*o,p + 2 (|C*p/ 2 |^ + C§) Cp 

^^l2.-o.o \/(9+3)(g+2) 


tp 


( 111 ) 


^—p,p H r 


( 1 -^) 


V2-2i9 


Proof. Throughout this proof let (5'r)re[0,oo) ^ C(if, M) be the functions with the property that 
for all r G [0,oo), x E H it holds that grix) = max{l, ||a;||^} and let 'ipifi: H x H ^ L{H,V), 
V^o,i: H X H ^ L{H,V), ' 4 ^ 2 , 0 - H x H ^ L^^'){H,V), V’og: H x H L^^\H,V), V'pi: H x 
H —)■ L^'^\H,V) be the functions with the property that for all x,y,Vi,V2 E H it holds that 
i>i,o{x,y)vi = {-§^i>{x,y)){vi) and 

i^o,i{x,y)vi = {^fj{x,y)){vi), fj2,o{x,y){vi,V2) = (^^/^(x,|/))(ni,n 2 ), ( 112 ) 

iJo,2{^,y){vuV2) = {^4j{x,y)){vi,V2), 4ji,i{x,y){vuV2) = {^£4j{x,y)){vi,V2). (113) 

Next we observe that Lemma [6T] and the assumption that q < p— 3 ensure that Kq^i < Kg+s < oo. 
Combining this with the fact that 


Vx, 2 / 1 , 2/2 e H: \\i>{x,yi) - i>{x,y2)\\v < 2r/max{l, |lx| 


H p\yi\\H p\y2\\H 


(114) 


shows that for all t E (0, T] it holds that E[|| 2 /’(Ti, Yt) —ifiYt., Ti)|lv] < oo. It thus remains to prove 
fllllll . To do so, we make use of a consequence of the mild ltd formula in Corollary 15.51 that is, we 
will apply Proposition 15.81 above. For this let Fg^t '■ H x H x H ^ V, {s,t) E Z, he the functions 
with the property that for all (s,t) E Z, u,v,w E H it holds that 


Fg^t{u,v,w) = F(u;) 

+ V'o.i u, Sg,t v) Sg,t Rs F{w) - 2 Po,i u, u) F{w) 


(115) 


and let Bg^t ■ H x H x H ^ V, {s,t) E Z, he the functions with the property that for all (s, t) E Z, 
u,v,w E H it holds that 

Bg^t{u,v,w) 


bev 


+ 1 E^o,2(e^* u, Sg^tv) {Sg^t Rs Sg^tRs B^{w)) 


beu 


“ I Z] l/'o,2 (e*-* B^{w),e^^ B^{w)) 


(116) 


beu 


+ EV'i,i(e^* B^{w),Sg^tRsB^{w)) 


beu 


E V'pi M, u) B\w), B\w)). 


beu 


An application of Proposition 15.81 then show^ that for all t E (0,T] it holds that 

\\E[2P{Y„ Yt) - 2p{Yt, Yt)] 11^ < E[||V^(e*^ Fq, So,t E) - E, E) Ik] 


+ / E 

Jo 


\\Fg,{Yg,Yg,Y^gi^ 


V 


+ E 


\\Bg,t{Z,Yg,Y^gi, 


hj \\V 


ds. 


(117) 


®with io = 0, T = t, H = H x H, p = q + 1, and p{x,y) = ipix,y) — ip{x,x) for (x,y) G in the notation of 
Proposition 






















In the following we establish suitable estimates for the two summands on the right hand side of 
flllTj) . We begin with the hrst summand on the right hand side of flll7j) . Observe that for all 
t G (0,T] it holds that 


Fo, So,t Yo) - Fq, Fq 


V 


< r]max{l, || 5 * 0,4 Foil||e*^ ^o|||/}||( 5 'o ,4 - e‘^)Fo|| 


JA\ 


H 


< >) ICol’s^W) l|So,< - e“iu,«, ||y„iu < 


^ IC'ol'' (^ 0 ,^ 59 + 1 ( 10 ) 


(118) 


tf 


This and the fact that E[5fq_|_i(yo)] < -^(j+i imply that for all t G (0,T] it holds that 
E[||,A(e“yo,So.,yo) ->*(e''‘yo.e“yo)llv] < 


(119) 


Now we will estimate the second summand on the right hand side of flll7p . Observe that for all 
(s,t) G Z, G i/ it holds that 


V 


< r^maxjl, mH^} US'*,* u - u\\h F{w)\\h 

r] |Oo|'?max{l, \\u\\jj, llvHI/} [|l(-S's.t - - u)\\h] C^) ||F(m;)||h_, 


< 


< 


it - sr 

h|C'o|''C',?max{l, ||m||^, |1u||^} ||T*||LipO(ir,H_,,) 

it - sr 


( 120 ) 


CnWv - u\\h. 


it - sy 

Moreover, we note that the assumption that \/x,yi,y 2 G H ■. 

Il'(’(a:.9i) -i(’(i.92)IIi/ < 5 max{l, ||5i|||„ llsollj,} llsi - Soil// 


( 121 ) 


implies that for all x,y G 77 it holds that \\'ipo,ir,y)\\L{Hy) < h ll^llrf) Ibllr/}- This, in 

turn, proves that for all (s,f) G Z, m, t>, tc G 77 it holds that 


||'0o,i(e^* ^'''^u,Ss,tv) Ss,tRsF{w) - F{w 

< ^ 0,1 u, Ss,t v) [Ss,t Rs - F(w;) ||^ 

+ F{w)\\^ 

< rj max{l, ||S's, 4 v|||^, m||^} || [Ss,tRs - e^^~''^^]F{w)\\^ 

+ r] max{l, ||S's,4 f Hf^, u\\h} ||'S's,4t’ - u\\h F{w 

< r/IOol^maxIl, ||m|||^, ||n|||^} ||T*||LipO 


V 


( 122 ) 


H 


\\Ss,tRs-e^^ + 




H.„ 


{t-sri" ’ it-sy 

Inequalities fll20p and fll22p imply that for all (s, t) G Z, u,v,w E H it holds that 
\\Fs,tiu,v,w)\\v < r/|Oo|‘'max{l, ||m|||^, \\v\\%} ||T*||LipO(ir,H_,,) 9iiw) 


C'&,o,p + 2 0,9 Oq.o II w 


»9 '^0,p \\'J\\H 


(t — s)h+0 


hp + 


2 Cp ||f — u\\h_p 

{t — s)0+0 


(123) 
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Next we observe that for all (s,t) G Z, u,v,w E H it holds that 

II u, Ss,tv) — B’’{w), eh“®)^ B^{w 

■ "j ’ 

r] \Co\'^ |C'^/ 2 pmax{l, |lM||f^, ||u||f^} \\B\\1.^o^h,hs{u,h_^^^)) 92{w) 


feeu 

< 


V 


(t-s; 


1? 


11^. 


S,t 




V 


V 


E II^^0,2 u, Ss,t v) {Ss,t Rs B\w), Ss,t Rs B\w)) 

feeu 

- i^o,2 u, u) B\w), B\w 

< E ||V'o,2(e(*-*)^M, S,^tv) R, + B\w), [S,,t Rs - B\w 

feeu 

+ E \\[i’o, 2 {e^^~^'^^ u, Sg^tv) — u, u)] B’^{w), B^{w 

feeu 

< T] |Co|''max{l, |1 m||^, ||u||f^} \\Ss^tV - e^^-^^^u\\H B{w)\\jjsiu,H) 

+ \\{Sg,tRs + B{w)\\HSiu,H) ||(^.,t B{w)\\HSiu,H) 

< r] |Co|^ max{l, |1 m||^, |lr;|||^} ||5|lLpO(H,rfs(c/,ir_^/2)) 92{w) 

11^.,i?. + \\Sg,Rg - 


+ 


\C.„\ 

it - sY 


2 V 


||*S's,t — e*-* ^'^^\\l{h)\\v\\h + 


Cn 11^ — m|| 

it - sY 


and 


V 


V 


E ||V'i,i(e^* ^^^u,Sg^tv)(e^* BYw),Sg^tRsBYw)) 

bev 

- Yi,i u, u) B\w), B\' 

< E B^{w),[Ss,tRs - 

bev 

6eu 

< r] |C'o|''max{l, ||M||f^, ||n|||^} - e^^-"'>^u\\H B{w)\Yhs{u,h) 

+ B{w)\\HSiu,H) B{w)\\HSiu,H) 

< r] |Co|'^max{l, ||M||f^, ||n|||^} || 5 |lLpO(r/,H 5 (f/,H_,/,)) 92 iw] 


( 124 ) 


(125) 


V 


(126) 


V 


Ci>/2\\Ss^tRs - ^ |C^/2p 


IIS's,* - ||w||// + 


Cp ||n - u\\h 


{t-syz ' ' {t-s)p 

Combining fll24p - (ll26p implies that for all (s,t) E Z, u,v,w E H it holds that 

\\Bgyu,v,w)\\v 

< 2r/|Co|‘'C^/2max{l, ||m|||^, HnHf^} \\B\\l.^o^H,HSiu,H_^/,)) 92iw) 


'C,/2 ,o,p + C^j 2 C'o,p ||n||/* 
{t — s)(^+^) 


h^ + 


C^/2 Cp lln — u\\h_p 
{ t — s)h+'^) 


(127) 
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Next observe that fll23p and fll27p show that for all (s,t) E Z, u,v,w E H it holds that 


\Fs,t{u,v,w)\\v + \\Bs,tiu,v,w)\\v < rj |Co|‘'max{l, ||m|||^, \\v\\%} ‘;f,b g2{w) 


Ci?,o,p + 2C^/2 C^i2fi^p + 2 (I(7^/2P + C^) Co, 
{t - s)(p+’^) 


p r \ UP , ‘^i\Cp/2\'^ + Ci))Cp\\v - u\\h_p 

»'(•’)- 


( 128 ) 


In addition, note that Holder’s inequality ensures that for all r E (0, oo), s E [0,T] it holds that 

E[max{i,||y,r„,||y,r„}9,(y^,jJ] 


< sup ||max{l, ||y„||);„ ||y„ II^}ILi+ 2 a 


sup ||niax{l, ||h;|||^}| 
Me[o,r] 


!li+’ 


(129) 


< |/c+ 2 |^ \Kr+ 2 \^ = Kr+ 2 , 

^[92{y[siJ 11^^ “ ^s||h_p] < I|5'2(ClsJ^)||^3/2(p.jk) ||y^ - Ys\\lS(P-H-p) 


sup \\Yu-Yu 

Me[o,T] 


(130) 


IL3(P;H_p) 


and 


E[mux{i, ||y,r„, iiKiii} 9 j(ypjj ||y - niu.J 

< II max{l, llysll/f, I|^3|lif}|lsl+^A(P;M) llll2(y[sJji)|l9(’-+3V2|p,]i{j ||y ~ ^s\\l''+^(P-.H-p) 


(131) 


r+2 


< \Kr+3\^+^ I sup \\Yu - Yu 
«e[o,T] 


lL’'+3(P;r/_p) 


Combining fll28p - fll3ip with Lemma 16731 and the fact that 1 — (^^ — p)+ > p yields that for all 
t E (0,T] it holds that 


E 




V 


+ E 


\Bs,t{Ys,Ys,Yisi, 


hj \\V 


ds < 


ri\Co\^‘; f,b lU+zhPY-^-P) 
il-'d-p) 


Ci?,o,p + 2 C^i2 C'ii/2,o,p + 2 (I(7^1/2P + C'd) Co,p + 2 (1(7,9/2 1^ + C^) Cp 

C''».-P,P*^^“’’dl-P’llLipO(i9,i9_^) ^P/2,-p,p \/('?+3) (q+2) 

(LT?) I V2-21? 


(132) 


Putting flllOp and fll32p into flll7p proves fillip . This hnishes the proof of Proposition 16.41 □ 

7 Weak convergence rates for Euler-type approximations 
of SPDEs with mollified nonlinearities 

In this section we use the results of Section [6] and the Kolmogorov backward equation associated 
to an SEE to establish weak convergence rates for temporal numerical approximations of SEEs 
with mollihed nonlinearities; see Corollary 17.51 and Corollary 17.61 below. Some of the arguments in 
this section are similar to some of the arguments in Section 3 in Conus et al. m- 
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7.1 Setting 

Assume the setting in Section [L^ let G [0,|), F G C^{H,Hi), B G C^{H,HS{U, Hi)), 
(f G Cl{H,V), let (i?^)bgu ^ C{H,H) be the functions with the property that for all v G 
6 G U it holds that B^{v) = B{y) b, let c^f^b ^ be a real number given by ‘;f,b = 

max{l, let X,Y: [0,T] x n ^ H, Y: [0,T] x ^ Hi, and 

X*: [0,T]xQ ^ H, X ^ H, be (Xt)fg[o,T]-predictable stochastic processes such that for all x G il it 
holds that sup^gfo^.] [\\Xt\\L^v-H) + \\Xt\\L^v-,H)] < oo, X^ = x, % G and Yq = Xq = Yq 

and such that for all x G il, f G (0,T] it holds P-a.s. that 


Xt = e'^Xo+ / F(X,) ds + / 5(X,) dhh,, 

Jo Jo 

Xf = e*^x+ [ B{X^) dWs, 

Jo Jo 

Yt = So,tYo+ [ Ss,tRsF{Yi,iJds+ [ Ss,tRsB{Yisi,)dWs, 


Yt = e^^Yo + 




nYlslJds+ I 


(133) 

(134) 

(135) 

(136) 


let u: [0,T] X H ^ V he the function with the property that for all x G , f G [0,T] it holds that 
u{t,x) = E[y9(X^_J], let G [0, oo], di,..., G M, k E {1,2, 3,4}, be the extended real 

numbers with the property that for all k G (1, 2, 3,4}, di,..., G M it holds that 


C 5 i, 52,...,4 


sup sup sup 
te[o,r) x&H vi,...,vkeH\{o} 


ll(^M)(t, 


(137) 


let 52,<53,^4 ^ [0,C)o], 61 , 62 , 63,64 G M, be the extended real numbers with the property that for 
all di,..., (54 G M it holds that 


C 5 i, 52 ,( 53,<54 


= sup sup sup 

tS[0,T) xi,X2&H, 4;i,...,'U4g_H'\{0} 


||((^n)(t,xi) - (^n)(f,X 2 ))(ni,.. 

1 - 

^(T - t)(5i+...+54) \\x^-x2\\b\\vi\\hs^ - ■■ 

-1 

><2 


(138) 


let (A'r)rg[o,oo) Y [0, cx)] be the extended real numbers which satisfy that for all r G [0, ex) it holds 
that Kr = sup^^tg[o,r]E[max{l, ||F^||^, ||h)||5^}], and let Mi,o: [h,T]xH anduo.fe: [0,T] xhT 
L^^\H,V), k G {1,2, 3,4}, be the functions with the property that for all t G [0,T], x E H, 
k G {1,2, 3,4}, vi,...,Vk E H it holds that ni,o(t, x) = {■^u){t,x) and Uo^k{t, x){vi, ... ,Vk) = 
{i-^u){t,x)){vi,...,Vk). 


7.2 Weak convergence rates for semilinear integrated Euler-type ap¬ 
proximations of SPDEs with mollified nonlinearities 


Lemma 7.1. Assume the setting in Section {7~Z| and let t E [0,T), ip = ('ip{x,y))x,y£H ^ M(i7 x 
H,V), (j) E M{H, V) satisfy that for all x,y E H it holds that 'ip{x, y) = uo^i{t, x)F{y) and (j){x) = 
'0(x, x). Then it holds that ip G C^{H x H, V), (p E C^{H, V) and for all x, xi, X 2 , y, yi, y 2 E H it 
holds that 


< \\F\\ci{H,H_^) [c-tf,o + C-^, 0,0 + c-^, 0 , 0 , 0 ] max{l, \\y\\H}, 


(139) 
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max 

ij’eNo, j+i<2 


< \\F\\c^(^H,H_^)) [c-^ + C_i9^o + C-i?,o,o] 5 

*e?oS} 


< 


||F||cS(h,h_<) [c-t> + C-«,o + c_a,(,,o + C-«,i),o,(]] max{l, ||ii||h. l|a: 2 llH}. 


( 140 ) 


(141) 


Proof. First, we note that the assumption that F G Lip^{H, Hi) and the fact that (^H 3 x ^ 
Uo,i{t,x) G L{H,V)) G C^{H, L{H,V)) ensure that G C^{H x H,V) and (f G C^{H,V). Next 
we observe that for all x,y,vi,V2,V3 G H with ||ni||iy, ||w 2 ||h, ll'i^sllir < 1 it holds that 


'ip){x,y)vi\\^ = ||Mo,2(t,a()(F(|/),ni)||^ < ||F’(|/)|| 


H_ 


\\{-^'i/j){x,y) (ni,n 2 )||^ = ||mo, 3(^,a;)(F(|/),ui,^ 2 ) ||^ < ||i^(l/)|k_,„ 

ivi,V2,V3)\\y = \\uo,4it,x){F{y),vi,V2,V3)\\y < \\F{y)\\H_i 

\\{-§^'^)ix,y)vi\\v = l|wo,i(t,2:) F'{y)vi\\y < \\F'{y)\\L(H,H_^), 


{^f^){x,y){vi,V2)\\y = \\uo^i{t,x){F''{y){vi,V2))\\y < \\F''{y)\\Li^)(^H,H_^). 


\\{-^'^){x,y){Vi,V2,V3 )\\y = ||Mo,l(^,2()(F^^ni/)Ki'«^2,W3))|| 
< (T-P’> \\F^^\y)\\L(^)(H,H_^)y 


V 


^'ip){x,y){vi,V 2 )\\y = \\uo, 2 {t,x){F'{y)vi,V 2 )\\y < \\F'{y)\\L(H,H_^). 


-Q^'ip){.x,y){vi,V2,V3)\\y = ||Mo,3(^,2:)(F'(|/)ni,n2,'y3)|| 


V 


(142) 

(143) 

(144) 

(145) 

(146) 

(147) 

(148) 

(149) 


IV 


(150) 


- (T-t^ l|7^^(y)lk(w,H_2)i 

ll(8^d(^.»)("l."2."3)L = |i“0,2((,n(-F"(!/)(«l,tl2),K3)|| 

— (T-i)" ll7^"(y)llL<2)(i/,//_3)- 

Combining 0142^ - 014411 and 0148^ - 015011 with the fundamental theorem of calculus in Banach 
spaces proves 0139p . Moreover, combining 0145ll - 0150p with the fundamental theorem of calculus 
in Banach spaces shows 014Up . It thus remains to prove 014ip . For this we observe that 0142ll - 015Up 
ensure that for all x,Vi, 02,03 G H with ||ni||iy, ||'y 2 ||H, II'^^sIIh < 1 it holds that 

\\(l)'{x)oi\\y < \\{-§^f^){x,x)oi\\y + \\{-§^fj){x,x)oi 

C-.S,o\\F'{P\\H_^+C-a\\F''{P\\L(H,H_^) ^ [c_,5+C_i>_o] 


\v 


< 


{T-t)* 


< ^T-tp \\F\\cpH,H_p max{l, HxHh}, 


(151) 


\\(p"{x) (ni,n 2 )|| 


V 


< 


92 


p) {x, x) (ui, -92) 11^ + 2 II {^fj) (x, x) {oi, 02 )\\y + II (x, x) (xi, X 2 


- II V 9 x 2 ' 


PL 

9y2 


V 


< 


c-11,0,0 ll-P’O||ff_^+2c_,,,0 \\F'{P\\l(h,h_^)+c-^ ll'^”C)lh(2)(^^^_ 


1 ?) 


(152) 


{T-tp 


< \\F\\c^^i^H,H_p max{l, ||x||h}, 

|0(^)(x) (xi, X 2 , X 3 ) 11^ < II (x, x) (xi, X 2 , X 3 ) 11^ + 3 II {x, x) (xi, X 2 , X 3 ) || 

+ 3 II {x, x) (xi, X2, X3) 11^ + II {-^p) (x, x) (xi, X2, X3) ||^ 

C-,5, 0 , 0,0 II^O||«,5+3c,5,o, 0 ll-F’'Olh(«,ff^)+3c,5^o ll-^"Olh(2)(j^^^)+C-,5 lli^^®^ L)\\i^(3) ,H.g) 


V 


(153) 


< 


(T-tp 


^ 3 [c_,}+C_, 5^0+C-.5,0.0+C-,5,0,0,0] II ni . ll^ll 1 

^ - (T-tp -11-^ \\cl{H,H_p niaxjl, ||x||/fj. 

Combining 015ip - 0153p with the fundamental theorem of calculus in Banach spaces establishes 014ip . 
The proof of Lemma 17.11 is thus completed. □ 
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Lemma 7.2. Assume the setting in Section [7~Z| and let t e [0,T), = {i/j{x,y))x,yeH £ M.{H x 

H,V), (p G M(i7, satisfy that for all x,y & H it holds thatip^x, y) = X] 6 eu'^o- 2 (^, 2 :) (^B^{y), B^{y)) 
and 0(x) = x). Then it holds that rp G C‘^{HxH,V) , cp G C^^H, V) and for allx, Xi,X 2 , y, |/i, I /2 G 

H it holds that 


max 

ij6No,i+i<2 


'il^)ixi,y) - {-I^'ip){x2,y)\ 


< 


2 \\xi-X2\\h 


Lii+i){H,V) — {T-tA 
^\\cl{H,HS{U,H_^f^)) [C-<S/ 2 ,-'5/2,0 + C-'5/2,-'S/2,0,0 + C-'5/2,- 15 / 2 , 0 , 0 ] max{l, ll^/lljy}, 


< 


6 \\yi-y 2 \\H 




■ \\B 


\\c^{H,HS{U,H_^^^)) [C-'5/2,-'5/2 + C-'5/2,-15/2,0 + C-i5/2,-i5/2,0,o] max{l, |||/l||_ff, |l|/2||_ff}, 


■ [c— i5/2, —i5/2 + C_^/ 2 ,—i 5/2,0 + C_,9/2, —15/2,0,0 “t“ C—15/2, —i5/2,0,o] max{l, ll^ 2 ||//}- 


(154) 

(155) 

(156) 


Proof. First of all, we note that the assumption that B G (H, HS{U, Hi)) and the fact that 
[H 3 X ^ Uo^ 2 it,x) G L^'^\H,V)) G C'^{H, L^'^\H,V)) ensure that ip G C^{H x H,V), (p G 
C\H,V), and {H x H 3 {x,y) ^ {-^iP){x,y) G L^‘^\H,V)) G C\H, , V)). Next we 

observe that for all x,xi,X 2 ,y,vi, 02,03 G H with ||ni||iy, ||f 2 ||H, HfsHir < 1 it holds that 


\\{£^)ix,y)oi\\ < Y1 \\uoAt^ ^){B\y), B\y),oi)\\ 

fceu 


\{£ 2 ij){x,y) (ni,n2)||y < E \\uo A{t, x){B\y), B\y), 01 , 02 )\\y 

feeu 

< \\B{y)\\HS{u,H_^^ 2 )^ 

\\{-^ip)ixi,y) (01,02) - {-^ip)(x 2 ,y) (^ 1 ,^ 2 ) 11 ^ 

< E \\{uo, 4 {t^^i) - '^ 0 A{t,X 2 )) {B\y), B\y),oi, 02 )\\y 

6eu 

^ C_i5/2,-15/2.0 ,0 II D/'„,M|2 

^ (rZ/y3 \\^[y)\\HS{U,H_ii^2)' 

II 1/) II V < 2 E ||Mo, 2 (t, x) {B\y), (B^)'(y) ui) || 

bev 

< \\B(y)\\HS{U,H_ii^^) \\B'(y)\\L{H,HS{U,H_ii^^)), 


\{^^)(x,y)( 0 l, 02 )\\y 

< 2 E \\uo, 2 (t,x){(B’’)'(y)oi, (B’^Yiy) 02 ) + Uo, 2 (t, x){B\y), (B'’)"(y){oi, 02 ))\\y 

6eu 

^ (T-t)" {\\B'{y)\\'L{H,HS{U,H_^/^)) + \\B{y)\\HS{U,H_^^^) \\B" {y)\\L{ 2 )(^H,HSiU,H_i,^^))) ^ 

\\{-§^Y^)(x,y)(Ol,02,03)\\y 

< 2 E \\uo, 2 {t^x){{B’’y{y)o 2 , {B’’y'{y)(oi,03)) 

beu 

+ uo,2{t, x){{B’'y{y) Oi, {B''y’{y){o2,03)) 

+ Uo^ 2 (t, x){(B’’y(y) O3, (By(y)(oi, 02 )) 

+ Uo, 2 (t, x){B\y), (B^)^^\y)(oi, 02 , 03 )) ||^ 

< (3 \\B'{y)\\L{H,HSiU,H_i,^^)) \\B"{y)\\L( 2 )^H,HS{U,H_s^ 2 )) 

+ \\B(y)\\HSiU,H_ii^2) \\B^^\y)\\L(3)(H,HS{U,H_^^^))) y 


(157) 

(158) 

(159) 

(160) 

(161) 

( 162 ) 
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( 163 ) 


£ 2E ||“0,s(i,a:)(B‘(9),(B‘)'(9)tii,ti2)||^ 

feeu 

< \\B{y)\\HS{U,H_^/2) \\B'{y)\\L{H,HS{U,H_^^^)), 

< 2 ^ || mo ,4(^, x) {B^{y)i W{y) ^1, Vs) 11^ 

6eu 

< \\B{y)\\HS{U,H_^^^) \\B'{y)\\L{H,HS{U,H_^^^)), 


(164) 


ll(a^^)(^’^)(^i>'^2,W3)||y (165) 

< 2 E |ho,3(^,2:)((5^)'(|/)ui, iB^yiy)v2,Vs) +Uo^sit,x){B\y), {B^y{y){vi,V2),Vs)\\y 
feeu 

^ (T~V)7^ {W^'iy)\\'L{H,HS{U,H_^}/^)) + \\B{y)\\HS{U,H_^^^) \\B"{y)\\L(‘2)(H,HS{U,H_^^2))) ■ 

Combining 0157^ - 01591) and 0163^ - 01651) with the fundamental theorem of calculus in Banach 
spaces proves 0154p . Moreover, combining 0160l) - 0165p with the fundamental theorem of calculus 
in Banach spaces establishes 0155p . It thus remains to prove 01561) . For this we observe that 
0157l) - 0165p ensure that for all x,Vi,V 2 ,Vs G H with |1 ui||_h-, ||'y 2 ||H, Iksllir < 1 it holds that 


||0'(a;)ni||^ < \\{£ij){x,x)vi\\y+\\{-§^t/j){x,x)vi 


\v 


< 

< 


-'5/2,0 ll-^OIIlfS(l7.ff,}/2)+^'^-’’/2.-’5/2 \\B'{x)\\ s(U,H 


2 [c_,,5/2,—'5/2“I“^—'5/2,-'5/2,o1 || ^ || 2 


’5/2' 


-'5/2' 


(T-t)* 


(166) 


■>/2 ■ '■-'>/2.-t'/2.0J II tJ\\2 mAvll llT-lr 1 

(r-/)’5 


\v 


\\(t)”{x) (ui,U2)|| 

^ II (^1’ '^2) 11 ^ + 2 II (^V') {x, x) (ui, U2) 11^ + II (^V') {x, x) (ui, U2) II 

C_1>/2,-'5/2,0,0 \\B{x)\\hS(U,H\\B'{x)\\i^(^h^hs{U,H 


V 


< 




(167) 


< 


2c_11/2,_iJ/2 {\\B' ^^^^^^ + \\B{x)\\hs(u,h w^” l(^) 

H (r-p’5 

4 [c_,9/2,-'5/2+'^-’5/2,-'5/2,0+'^-'5/2,-’5/2,0,o] II dI|2 II.v.I|2 1 

In the next step we observe that 0162p . 01641) . 0165p . and the fact that [H 3 x (j)"{x) — 
(^^i/j){x,x) G L^‘^yH,V)) G C^{H, L^'^\H,V)) show that for all x,Xi,X 2 ,Ui,U 2,"^^3 £ H with 
\h, \\v2\\h, ||w3||h < 1 it holds that 


|^(0"(x) - (^//5)(x,x))(Ui,U2,'y3)||y < 2 \\{ 9 $^yj){x,x) (Ui,U2,U3)|| 

+ 3 II (a^^) (^1 (^ 1 , '«^ 2 , W 3 ) lly + II (x, x) (ui, U 2 , -^ 3 ) 

4c,5/2,-'5/2,0,0 \\B{x)\\hS{U,H^^^) \\B' {x)\\i^(h,HS{U,H 


V 


(168) 


Iv 


< 


+ 


{T-ty 


6c,5/2,-'5/2,0 {}\B'{x)\\\i^^^^g^jjjj^^^^^^ + \\B{x)\\HS(U,H^^^) W^” L^'^) (H ,H S{U,H 


{T-ty 




+ 


< 




(T-ty 

6 [c_.^/2,-'5/2+'^-’5/2,-'5/2,0+‘^-'5/2,-’5/2,0,o] || Dl|2 

(T^ip \\^\\cl{H,HS{U,H_^^yi) 


-'5/2 5 


max{l, ||x||i)/}. 
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In addition, we combine fll59jl and fll64p with the fundamental theorem of calculus in Banach 
spaces to obtain that for all a:i,X 2 ,ni,W 2 G H with ||fi||_f/, ||'y 2 ||ir < 1 it holds that 


V 


“ (£2 ^)(x2 ,X2 ))(Vi,V2 

^ ll((feV')(a;i,a;i) - (£2^)(x2,xi))(vi,v2,„y 
+ ll((l?V')(a;2,a:i) - (£2^)(x2,X2))(Vi,V2 


V 


^ '^/2,0,0 ^2||jf 

— (T-t)'’ 




(169) 


+ 


< 




ry " max{l, \\x,\U ||x 2 ||h} 


2 \\xi-X2\\h 


— {T-t)* 


\B 


[c-tf/ 2 ,-'>/ 2 ,o,o + C-i>/ 2 ,-tf/ 2 ,o,o] max{l, |lxi||^, |l 2 : 2 ||//}- 


Combining (1166^ - 0169^ with the fundamental theorem of calculus in Banach spaces finally yields 0156p . 
The proof of Lemma 17.21 is thus completed. □ 


Lemma 7.3 (Weak convergence of semilinear integrated Euler-type approximations of SPDEs 
with mollihed nonlinearities). Assume the setting in Section \7.1\ and let p E [0,1 — ■d). Then it 
holds that E[||99(Wt)||v + ||<^(hT)||y] < oo and 

||EP(jfn] -Ep(?T)]L < 

C-iJ + + C_i9^0,0 + C-i9,0,0,0 + C_,9/2,-tf/2 + C_^/2,_iJ/2,0 + C-^/ 2 ,-^/ 2 , 0,0 + C_i>/2,->9/2,0,0 

2(p+i) -j- ^T___ ^2 + 2 + 2 C'p+^/2 Ci)/2 + + 2 C-dj^p^p 


-|- 3 (|C*^/2p + C**?) + 2 (|C*,9/2p + Cj?) Cp 


r. , , V6W/2._p,pT(i-'’)/2 

^-px “I" (1-^) ■*" yitr;? 


Proof. First of all, we observe that the assumption that supjg[o,T] ||-^t||L6(P;H) < C )0 implies that 
e[||(^(Wt)|| v] < oo. Moreover, combining the assumption that Yq G L^(P;i7i) with Lemma 16.11 
proves that < oo. This shows, in particular, that we have that sup^g[o,T] 

dt\ < oo. This and the standard Ito formula in Theorem 2.4 in 
Brzezniak, Van Neerven, Veraar & Weis [9] prove that 


E[p>{Yt)] -E[ip{XT)] =E[u{T,Yt)-u{0,Yo)] 

= f E[ui,o{t,Yt)+uo,i{t,Yt){AYt + F{Y^pJ)]dt 

Jo 

^ bev 


Exploiting the fact that m is a solution of the Kolmogorov backward equation associated to 
X^: [0,T] X n —)■ iL, X G H, and p (cL, e.g.. Theorem 7.5.1 in Da Prato & Zabczyk [IT] ) 
hence shows that 

Eyyr)] -Ey(Vr)] 

= ^ EK,((,Y;)F(y^,jj-«„..((,y,)f(?.)]* 

+ jE / EK(i,y,)(B''(y[.j,),B‘(yL,jj) -«„,2(i,y,)(B''(y,),B‘(y,))] a . 

^ beu 


36 

























The triangle inequality hence shows that 

||Ey(XT)] -E[^(yT)]L 


0 

T 


/ iiE['t.„,i((, y,j j F(n,j,.) - y,j j F(yi,j j ]\\^dt 

/ i|ek,((. n.j j f (n.j j - y.) F(y,)] n^, * 


0 


( 173 ) 




+ 7 / 

0 

T 

+ i / 


.beu 


E«„,2(*.y)(F‘(yiyj.B''(yL<jj)-E«o,2((.yL,j.)(F*(yi.j.).B''(yL,jj) 

. beu beu 

E«0.2(bEyJ.- E“o.2(bEyJlS'lny,), 

dt. 


dt 


V 


beu 


dt 


V 


E«oj(by[yJ(B‘(y[yJ.F''(y[y.)) - E«oj(by)(B‘(y.).-B‘(y.)) 

L beu beu 


V 


In the next step we combine Lemma 17.11 and Lemma 17.21 with Proposition 16.21 to obtain that for 
all t G (0,T) it holds that 


||EK.((, y,) F(EyJ EyJ F(yyjj] II 
+ ||EKi((,yyjjF(fiyj -'t.„,i((,y,)F(y,)]|| 

E«o,2(i,y,)(B‘(n<jO.B*(n<j.))- E«o,2(«,yLy.)(B‘(n<j.).-s*(n.j.)) 


\v 

I. 


E 


E 


< 


Lbeu 
\Co?\C,? 


L beu beu 

E“o.2(i.y[yj(s‘(yyj,).B‘(nyj) - E“o.2(i,y,)(s''(y,),s''(y,)) 


V 


beu 


V 


(T-t)^ 7^5 max{l, ||T’||LipO(H,H_i>)) \\^\\up°{H,HS{u,H_i)^^))} 

4 [c_ij + C-^fi + C-^^0,0 + C-,9, 0 , 0 , 0 ] \\F\\c^{H,H_^) 

+ 5 [c_,J /2 _ 2 J /2 + C_i>/ 2 ,_,J/ 2,0 + C-.J/ 2 ,- 2 ?/ 2 , 0,0 + C-.J/ 2 ,- 2 ?/ 2 , 0 ,o] W {H,HS{U,H 

2 P { 2 C^+Cp+^+ 2 \C^,/ 2 \^+ 2 Cp+^,/ 2 C^/ 2 )\lt}h\^^-^-'’^ + {C^mC^/ 2 \^) 
tP ' (l-i?-p) 


(174) 


In addition, we combine Lemma 17.11 and Lemma 17.21 with Proposition 16.41 and the fact that Vt G 
[h, T]: [t\h> t/2 to obtain that for all t G (0, T) it holds that 

||ES,i(t, nd J J - «o,i(t, nd J J] lln 

+ i e[E« o,2(t,ndJ(5'’(ndJ,^'’(ndJ) - E«o,2(t,ndJ(^'’(ndJ>5'’(ndJ)l 

L beu beu J Y 

^ (T-ty -^4 max{l, ||P’||LipO(H,r/_p)) \\^\\up°{H,HS{u,H_i}/ 2 ))} 

■ max{l, ||P’||LipO(H,H_,,)) \\B\\up°{H,HS{U,H_i,^^))} + C- 1?,0 + C-i?,o,o] (175) 

+ 3 [c_p/2,-2j/2 + c_,>/2-p/2,0 + C-p/2,-p/2,0,0] \\B\\c^(^h,hs{u,h_^^^))^ 

If + '+ 2 Ci)/2 Cp/2,o,p + 2 (|Cp/2|^ + C^) + 2 (|C'p/2|^ + C^) Cp 


C_ 




p,p 


(l-y?) 
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Combining fll73jl - fll75jl proves that 




( 176 ) 


C-1? + + C-^^0,0 + C-^,0,0,0 + C_^/2,->J/2 + C.-^l2-&l2,0 + C_^/2,-<J/2,0,0 + C-^/2,-<5/2,0,0 

2(p+i) _21__ ^2 Cij + Cp+^ + 2 |Ctf/2|^ + 2 C'p+tf/2 + 2 C'’5/2,o,p 


+ 3 (ICij/al^ + + 2 (|Cp/2|^ + C^) 




(1-1?) 


/T^ 


This and Lemma 3.1.6 in [25] shovel fll70p . The proof of Lemma [7.31 is thus completed. □ 


7.3 Weak convergence rates for Euler-type approximations of SPDEs 
with mollified nonlinearities 


The next result, Corollary 17.41 provides a bound for the weak distance of the numerical approx¬ 
imation and its semilinear integrated counterpart. Corollary 17.41 is an immediate consequence of 
Proposition 16.41 and of Lemma 17.31 

Corollary 7.4 (Weak distance between Euler-type approximations of SPDEs with mollihed non- 


linearities and their semilinear integrated counterparts). Assume the setting in Section Yhl\ and let 
p G [0,1 — i?). Then it holds that E[||(p(FT)|ly + ll7’(^T)||y] < oo and 


\E[g,{YT)] -E[(p(yr)]||^ 


(177) 


1 + ( ^^,o,p + 2 C'p/2 C'i>/2,o,p + 2 (I(7^/21^ -l- C^) 


+ 2 (|C'p/2p + C§) Cp 


C-p^p + 




(1-1?) 




The next result is a direct consequence of the triangle inequality, of Corollary 17.41 and of 
Lemma 17.31 

Corollary 7.5 (Weak convergence of Euler-type approximations of SPDEs with mollihed nonlin¬ 
earities). Assume the setting in Section ]?. 1\ and let p G [0,1 — ??). Then it holds that E\\\(p{Xt)\\v + 
||(p(Dp)||\/] < oo and 

||eP(Xt)] -E[^(rT)]||,, < " 

2(p+i) + ^Z__ h Co + C'o+o + 2 + 2 Cp+o/2 C./, + Co,o,p + 2 Cp/^ Cp/2^ 


0 ,p 


3 (|Cp/2p + C^) -|- 2 (|C,7/2p + C^) Cp 


' c, Tti-’’) VeCp.p, 

_i_ ^i?,-p,p _I ^ ^/2,-p,p _ 

p,p “r n “T“ 


(1-^) 




( 178 ) 


Lip 2 (ir,y) + + C-i?,o,o + C-^,0,0,0 + c_^/2,-tf/2 + c_p/2,-p/2,o 

T c_'ij/2,—'J/2,0,0 T c_'ij/2,—'J/2,0,0 • 


®with X = 1 — d and y = 1 — p in the notation of Lemma 3.1.6 in |25) 
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In the next resnlt, Corollary 17.61 we use Lemma 16.11 to estimate the real number on the 
right hand side of (117811 . For the formulation of Corollary 17.61 we recall that for all x G [0,cxo), 

9 G [0,1) it holds that £^i-e(x) = r(n(i-e)+i) ] Section [L2]). 

Corollary 7.6 (Weak convergence of Euler-type approximations of SPDEs with mollihed nonlin¬ 
earities). Assume the setting in Section 7.1 and let 6 G [0,1), p G [0,1 — ^?). Then it holds that 
E[||(p(XT)|ly + ||<p(hT)||y] < oo and 


|Ey(XT)] -E[^(yr)]L ^ <;f,b ft" 

Comaxll, ||Wo||l5(p.//)} -|- 
F2CeT(i-»)|F|,. 0 




(YZg) H G9/2Y ( 1 -^) 


10 


£(1-9) 






UpAH,HS{U,H_g^^)) 


2(p+i) -|- ^2 + 2 ICij/ap -l- 2 Cp+^/2 C^/2 + C^fl^p + 2 C ^/2 C'J/2,o,p 


3 (|C,>/2p + C^) -\- 2 (1(7,9/2 1^ + C^) Cp 


' c, Vec^,, 

I ^^,-p,p _I ^ ^/2,-p,p _ 


\up'^{H,V) + C-i9 + C_^,o + C-i?,o,o + C_iJ,0,0,0 + C_,9/2,-i9/2 + C_tf/2,-'>/2,0 
+ C-<;/2,-^/2,0,0 + C_tf/2,-.9/2,0,0 • 

8 Weak convergence rates for Euler-type approximations 
of SPDEs 


In this section we use Corollary 17.61 in Section [7] and the somehow non-standard mollification 
procedure in Conus et ah [m to establish in Corollary 18.21 weak convergence rates for temporal 
numerical approximations of a certain class of SEEs. Corollary 18.21 in turn, implies Theorem 11.11 
in the introduction. The arguments in this section are quite similar to the arguments in Section 5 
in Conus et al. HI]. 

8.1 Setting 

Assume the setting in Section [LTl assume that h < T, let 0 G [0,1), i? G [0, y 2 ) fl [0,0], F G 
C^{H, H_ 0 ), B G HS{U, H_qj 2 )), p G C'^(i7, V), let G M be a real number given by 

gF,B = maxjl, ll^llc3(iy,H5(c/,H_,/,))}’ ^ • [0,T]xfi ^ ilandX^’^: [0,T]xfi ^ 

77, K G [0,T], X G 77, be (J^t)ig[o,T]-predictable stochastic processes which satisfy that for all 
K G [0,T], X G 77 it holds that supig[o,T] [l|7^t||L5(P;H) + ||7^y"'||L5(P;H)] < 00 , Xq’"" = x, and Yp = Xp 
and which satisfy that for all k G [0,T], x E H,t & (0,T] it holds P-a.s. that 


Xt = e*^Xo+ / e^^-^^'^F{Xs)ds+ / 5(A:,) dW,, 

Jo Jo 

= F{X^’^) ds + [ B{X^’^) dWs, 

Jo Jo 

y, = S„,,K„+ / / .S,,,R,B(Yi,iJdW„ 


(180) 

(181) 

(182) 

JO JO 

let [0,T] X 77 —)■ V, K G [0,T], be the functions with the property that for all k, 7 G [0,T], 
x G 77 it holds that u^'^'>{t,x) = E[y9(X.^fy], let G [0,oo], hi,..., 5^, G M, fc G {1,2, 3,4}, 
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K G [0,T], be the extended real numbers with the property that for all k G [0,T], k G { 1 , 2 , 3 , 4 }, 
5 i,..., hfc G M it holds that 


*'51,52, 


= sup sup sup 
tS[0,r) x£H vi,...,Vk£H\{0} 


gk 

dx^ 




V 


(T - t)(^i+-+Sk) 






(183) 


and let 53 54 ^ <^2, (54 G M, k G [0,T], be the extended real numbers with the 

property that for all k G [0, T], 5 i, S 2 , S 3 , (^4 G M it holds that 


~(k) 

^5l,(52,53,^4 


= sup sup sup 

ie[0,T) xi,X2&H, i;i,...,i;4gH\{0} 

Xl^X2 


(T - t)(5i+...+54) _ X2\\h\\vi\\j^^^ • . . . • 11^4II 


(184) 


8.2 Weak convergence result 

Proposition 8.1. Assume the setting in Section lKTl and let r G [ 0,1 — 'd), p G ( 0,1 — 0 ). Then it 
holds that'E[\\ip(XT)\\v + ||<p(hT)||y] < 00 and 


|E[p(Xt)] -E[p(Ft)]||^< 57|max{T,i}|^"+'^'' '2° 


Jl (p+ele-i))) 


, 11 11 , CeCp/2+eT^^ '^e/ 2 '^(p+0)/2 ^^^^^ChH,HS(U,H_g,2)) 

maxjl, \\Xo\\l5(v-h)} H- n p ./.i -^- - - — 


{1—6—p/ 2 ) 


^/l-e-p 


10 


S{l-9) 


V2CoCer(i-») |FUi,„ „ , ! -;-- 

- ^ + 2 Co C'0/2\/5 T(i-®) \B 


H-e 


\cl{H,HS{U,H_g^^)) 


2 (^+ 1 ) -p ^2 + 2 |C,9/2|^ + 2 Crj^Pj2 0^12 + + 2 Cpi2 C,5/2,0,r 


(185) 


+ 3 (|C,5/2|^ + C*i?) + 2 (|C,j/2|^ + Ci)) Cr 




|C^/2p| I , |Co|3|cp2Co,.|Ce_,,|3|C(e_,,),2|6max{l,T(i-'’)}?K.,j 

IV^Ici(ri,v) +- 


(k) 


I (^) I (^) I (^) I I v'^y I 

■*" '^-1?,0,0 ■!“ '^-1?,0,0,0 ^-^12-0/2 '^-'5/2,-'9/2,0 '"-'9/2,->9/2,0, 


(l-1?-r) T’’ 

SA 


CUH,V) + sup [c^] 
fte(0,T] 




+ 1 ^ 

,0 ^ ^->9/2,->9/2,0,01 J 


< oo. 


Proof. First of all, we note that there exist up to modifications unique (J^i)tg[o,r]-predictable 
stochastic processes : [0,T] x Q ^ H, k,S G [0,T], and X^'^: [0,T] xQ ^ H, k,S G [0,T], 
which satisfy that for all k,5 E [0,T] it holds that supjgjQ^'] \\Xf'^\\i 5 (j.H-) < oo and Xq’^ = Yq’^ = 
e^"^Xo and which satisfy that for all k,Se [0,T], t G (0,T] it holds P-a.s. that 


Xf’^ = + / e^^+^-^^^F{Xf)ds+ / e^^+^-^^^B{Xf)dWg 


(186) 


= So,+ 


Ss,tRse^^F{Y;i’^^)ds + 


Sg,tR,e^^B{Y;ifjdW, 


(187) 


(see, e.g.. Proposition 3 in Da Prato et ah CZI, Theorem 4.3 in Brzezniak [8], Theorem 6.2 in 
Van Neerven et ah m). In the next step we combine Lemma 16.11 with the fact that V k, (5 G 
[0,T]: IIVo^’‘^||l5(P;H) < cxo to obtain that for all k,S E [0,T] it holds that supig[o,r] II^^’'^||l5(P;H) < 
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oo. This, the fact that V k, 5 G [0,T]: supjg[o,T] ll^r’'^lk®(P;-H') < oo and the assumption that 
G Lip^(if, V) ensure that for all k,5 E [0, T] it holds that 

E[|| 45 (lp)||v, + \MY^-‘)\\v] < <x. ( 188 ) 

This proves, in particular, that E[||(yc(XT)||v + Il 9 ?(hr)||y] < oo. It thus remains to show 01851) . 
For this we observe that the triangle inequality ensures that for all k ,6 E [0,T] it holds that 


|Ey(;(:W)] - Ey(p”’')] 11^. < |lEp(;ew)] - E[^(xf)] ||„ 

+ ||Ey(vy)] - EYp(Yf’‘)] 11^ + ||Ey(p:-')] - Ey(y?')] L 


In the following we provide suitable bounds for the three summands on the right hand side of 01891) . 
For the hrst and the third summand on the right hand side of 0189^ we observe that Proposition 14.31 
together with the fact that Vk, <5 G [0,T]: sup^gjo.T] ll^pj^||L2(p;_H-) < sup^gjg.T] ||^^’*^I|l2(P;_h') < oo 
shows that for all k, 5 G [0, T] it holds that 


|Ey(.t?’‘)] - E[p(x"/)] II,, + |tEy(y;^‘)] - Ey(i>?b] L ^ Mchh.v) « 

Comax{l, ||e'^"^Xo||i2(p.j^)} + 

£{1-9) 


(190) 


CeCp/2+eT^^ )) 


+ 


(1—0—p/2) 

Co Ce I PI I , /o 7^(1 -0) c* I Rl i 

-Tfcl-T \cl{H,H_g) + V J ^ ''Go Ge/2 


H 


- 6 / 2 )) 


2 


Next we bound the second summand on the right hand side of 0189p . For this we note that for all 
K E (0,T] it holds that 


max{l, ||e F||p 3 (pp_^), ||e 

< |C' 0 -» 9 |^ |C'(e-'J)/ 2 |® “tGB iiiax|l, K 

This and Corollary 17.61 show that for all k, <5 G (0,T] it holds that 


(191) 




T l\\\v 


< 


57|Co|3|C'r|=Co,.|Cs_,,|3|qp-,»/2l®max{l,T(i-’’)} -3(0-0)-, ,r 

rpj. K / ^ 


Ce, 2 Vl 0 r{i-e)||e-^S|Ui, 


.. CgTO „ , \..yg,2V ' ' ||c H‘HTr H ’ll 

Gomax|i,||e Ao||L 5 (p.p)| H- 7 ^— 5 ^-1- 


(1-0) 




10 


£{i-e) 


y/2CgTA-0)\e'^Ap\ -^- 

'Cg{H,H_g) .. /k rp(^_0\ I ^kA dI . 

--h Z G 0 / 2 V bl'y >\e 13|ci(H,ri5(G/i_0/2)) 


2^+1) -\- ^2 + 6*^+0 + 2 |C',>/2p + 2 C'r+i>/2 C^i2 + + 2 (7,5/2 C,>/2,o,r 


(192) 


, C„,_,,,T(i-’’) , V6C,5/2 ._,.,T(i-’’)/2 

A- -h 


+ 3 (I(7,5/2P + C 9 ) + 2 (I(7,5/2P + C-d) C. 

lOoll ^ 4 -p.C) I „(«:) I „(^) 1^0 _L -c 

W\\CI{H,V) + + C_^ Q + C_^ Q Q + C_^^o, 0,0 + 


■, 5 / 2,0 


(k) ~(k) 

w C_,j^2^_'5/2,0,0 *"—', 5 / 2 ,—', 5 / 2 , 0,0 


Plugging fll90p and fll92p into 01891) then shows that for all k,Se (0,T] it holds that 
||E[(/?(X^’'^)] — E[(/?(F^’‘^)] lip < maxjd K 2 ,57maxjl, h''| |(7o| 


120 
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CflCp/j+eTti \\F\\cI(h,h g) '^»/ 2 C'(p+e)/ 2 ^ 10 ^''^ \\^\\cI{h,hs(u,h g )) 

max{l, ||Xo|U 5 (p.j^)} +- .. p ^^ 


(1—0—p/ 2 ) 




10 


^^( 1 - 0 ) 


y2CoCaT(i-'’) |FUi,„ „ . . -^- 

-+ 2 CoC0/2\/5 T(i-^) 






2 (^+ 1 ) -)- ^2 Cij + + 2 ICij/aP + 2 Cr+-&l2 C 1 J /2 + C^.O.r + 2 CiJ/a C-&l2^o^r 


(193) 


+ 3 (|C,9/2p + C* 1 ?) + 2 (|C,9/2p + C^) Cj. 


( 1 - 0 ) "T yT:r 0 


|Cp/2|2 I I |Co|3|a|2c'o,.|Ce_^|3|C(e_^)/2|6max{l,T(i-’’)} 

Tp/2 IV^IC|J(/iy) + (i_0_r)7’p 


I M I (^) 

Cl{H,V) + C_^ + C_^_o 




S^) 




I ('^) I (^) I («^) I VV I VJ I ~v 

^—0,0,0 ' ^—0,0,0,0 *^—> 9 / 2 , —> 9/2 ^-19/2,—19/2,0 ^-'9/2, —19/2,0,0 19/2, —19/2,0,0 

In addition, we observe that 


inf max< 4 K 2 ,57max|l, K 
Ke(o,r] I ^ 


< max< 4 


= niax|4 


min{l, T} 

h 

T 

2r 1 

(p+6{e-i9)) 

l_ 

h 

T 

2r 1 

min{l, T} 

(p+6(0-i9)) 


6(d-'i9)r 


, 57 max<( 1, 
,57h 


minjl, T} 


2r 1 —3(0 — 0) 
A (p+6(0-i9)) 


h’" 


2r 2 —3(0 — 0) 

niin{l,T} A 


(194) 


- niax<^ 57 T(p+6(«-^)) 1 

y (P+a(^i9)) ’ |min{l,T}|3(^-^) 


< 


e;7maxl_I_ |max{i,r}r \ l (p+e^e-^)) < 


57 h (p+®(®“i’)) 


I • 111 h+3(^-9?))' 

niin{T, ^}| 


Combining fll93p and fll94p yields that for all 5 E (0,T] it holds that 


1 e[(/ 9 (X°’^)] - E[(/ 9 (f^’^)] 11^ < 57 |max{T, |Co|"° 


fl (p+6(0-i9)) 


CeCp/2+eT(i g) C'e/2 C'(p+e)/2^10^‘'^ ll-®llci(jf,H-s([/,ff g, )) 

max{l, ||Xo|U 5 (p.j^)} + -^ ^^ 


(195) 

n 10 


(1—0—p/2) 


Vi- 6 -p 


^■(1-0) 


x/ 2 CoCeT(i-«) |F| 


Cl(H,H_g) +2CoCg/2\/5Td-'^) 


^ , - ^0 <-^0/2 V o r ''C^IC'i(H,ris(c/,ri_p/2)) 


■ ^2 + Cr+^ + 2 + 2 Cr +^/2 C,9/2 + C^^o,r + 2 (7^/2 Ctf/ 2,1 

+ 3 (|C,9/2p + C 0 ) + 2 (|C,9/2p + C 0 ) C. 


'-^-PiP “I" ( 1 - 0 ) 71:10 


'|Cp/2p I I , |Co|3 lap Co,r \Cg_^g\^ \C(e-i»,2\'' maxiyrd-^)} 


■7^ W\chHy) + 


(l-0-r) TP 

,(k) 


<^F,S 


Cl{H,V) + sup [cL] 
Ke(0,T] 


I ('9^) _i_ (^) I (^) _i_ (^) I vv _i_ v"-; _|_ ~ 

'p-0,0 + 'p-0,0,0 ‘p-0,0,0,0 + 'p-i9 /2 ,-i9/2 ^-19/2,-19/2,0 ‘p-i9 /2,-19/2,0,0 *^-19/2,-19/2 


.(k) 


^(k) 


,o,o] 


In the next step we note that Corollary 13.21 together with Lebesgue’s dominated convergence the¬ 
orem yields that lim 5 ^oIE[/ 5 (^r'^)] = ^[/^(Xti)] and lim^^o IE[/5 (^t’*^)] = E^v^Chr)]- Combining 
this with inequality 01951) proves the first inequality in fll85p . The second inequality in 0185p follows 
from Andersson & Jentzen pp. The proof of Proposition 18.11 is thus completed. □ 
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Corollary 8.2. Assume the setting in Seetion lKl\ and let p E (0,1 — 0) fl { 6{6 — A), oo). Then it 
holds that'E[\\ip(XT)\\v + ||v^(^)||y] < oo and 






max{l, | 1 J^o||ls(P;H)} + 

x/ 2 CoCaT(i-«) |F| 


CeCp/2+eT'^^ \T\\cl(H,H_g) ^ \\^\\cI{h,hs{u,h _g^^)) 


n 10 


(1—0—p/ 2 ) 


%/l-9-p 


£{i-e) 




^ + 2 Co Ce/ 2 '^^T^^ ^'> \B\ci[H,HS{u,H_g^ 2 )) 


2 ( 0 + 1 ) _)_ ^2 C^ + Cp+^ + 2 |C^/2|^ + 2 Cp+^/2 Ctf/2 + C^^o,p + 2 Cp /2 Ctf/2,o,p 


(196) 


+ 3 (|Ctf/ 2 |^ + Ci}) + 2 (|Cp/ 2 |^ + C^) Cp 


O'-o.o T n I 


-p>p ^ ( 1 - 0 ) 


^/I^ 


Iv5|ci(/i,v) + 


|Co|3|Cp|2C7o,p|C'e-p|3 


|C(0_^),2l®max{l,T(l II 

-0-p) TP (^I|95||C3(H,\/) 

(k) I ~(k) 


(1-0-p) TP 

SA 


I r 

+ sup |_c_^ 

Ke(o,T] 


I {A I («^) I («^) _|_ {A I vv I v-j I ~ 

+ 1"-0,O + ^-l9,0,0 + *^-0,0,0,0 + l"-<?/2,-’>/2 l"-’>/2,-0/2,0 "I" ‘^-0/2,-0/2,O,O '^-0/2,-0/2,O,O 


< CXO. 


Proof. First of all, we appl}0 Proposition 18.11 to obtain that E[||(/?(Xr)|ly + |l/?(hT)||y] < 00 and 


||E[(p(Xr)] -E[(p(yT)]||^< 


57|Cop 


|min{T,I}|(p+3(«-0)) 


/i(p+6{0-P)) 


max{l, ||Xo||L 5 (p.p^)} + (i_p_p/ 2 ) 

x/ 2 CoC,T(i-«)|T| 


CeCp/2+eP^ \\^\\cl(H,H_g) ^ ^0/2 Cp+S)/ 2+^11*^*'^ ll-®llcJ(B,BS([/,ir_p^2)) 


Vi -®-0 


10 


^^( 1 - 0 ) 


pr70 


+ 2CoCp/2\/5T(i '^) |-B|c'i(H,//s([/,r/_g^2)) 


2 ( 0 + 1 ) -|_ _21___ ^2 C,9 + Cp+,j + 2 |Cp/ 2|^ + 2 Cp+p/2 C,j/2 + C,9^o,p + 2 Cp /2 C,j/2,o,p 


+ 3 (|C,j/ 2 |^ + Cij) + 2 (|Cp/ 2 |^ + C^) Cp 


1 ^- 0,0 + + 


( 1 - 0 ) 


^/n70 


|Cp/2lC I , |Co|3|Cp|2Co,p|C'p_p|3|qp_,,),2|6max{l,T(l-’’)}?j.,B Cl i, , rf« 

-YP^ mcpHy) H- {i-'d-p)TP -( ll<^llc3(H,\/) + sup__ [c_.^ 


(k) 


I {A I O I O I («^) I {A I («^) I ~0 

+ 1"-0,O + ^-i 9 , 0,0 + '^-0,O,O,O + ^-^l2-^l2 + 1--0/2,-0/2,0 + ^-0/2,-0/2,0,0 + *^-0/2,-0/2,0,0 


Ke(o,T] 

< CXO. 


6 (e-P) 1 

p \ 


Next we note that 

p^ .r 1 1 , 6(0-p)i r. e 

/i(p+ 6 (e-P)) = /i 0 [i+ 6 {e- 0 )/p 1 + p J /;, 0 [l ■ 

< |max{l,T}|'’[W-0)/p-i+^^] /i(0-6(0-’?)) < |max{l,T}|^h(^-®(®-’^)). 
Plugging fll98p into (11971) implies fll96p . This completes the proof of Corollary 18.21 


(198) 


□ 


ii’with r = p in the notation of ProDOsition l8.ll 
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9 Lower bounds for weak errors of Euler-type approxima¬ 
tions for SPDEs 

In this section a few specific lower bounds for weak approximation errors of temporal numerical 
approximations are established in the case of concrete example SEEs. A few specihc lower bounds 
for weak approximation errors of spatial spectral Galerkin approximations can be found in Section 6 
in Conus et al. m- Lower bounds for strong approximation errors for examples of SEEs and for 
whole classes of SEEs can be found in [T51 ESI ES] and the references mentioned therein. The 
article [36] and Section 5 in m study exclusively parabolic SEEs driven by additive noise. The 
papers naES] investigate parabolic SEEs driven by possibly non-additive noise. In this section 
we consider exclusively parabolic SEEs driven by additive noise. 


9.1 Setting 

Throughout Section[9]the following setting is frequently used. Let {H, (•, ■)jj , be a separable 
M-Hilbert space with H ^ {0}, let H C Lf be an orthonormal basis of H, let h G (0, cxo), T G 
{h, 2h, 3/i,... }, /3 G [0, i), Z = {(fi, ^ 2 ) £ [0, T]^: ti < ^ 2 }, let A, /i: H —)■ M be functions such 
that supbgjj Af, < 0 and Eben ^ '^1 -^(^) ^ H H he a. linear operator 

such that D{A) = {v & H: XlbeH \^b < 00 } and such that for all v G D{A) it holds that 

Av = EbeH {b, v)jj- b, let {Hr, (•, ■)jj^, IHIir^); ^ G M, be a family of interpolation spaces associated 
to —A (see, e.g., Theorem and Dehnition 2.5.32 in [25])), let (C, P, (J^i)ig[o,T]) be a stochastic 
basis, let {Wt)t£[o,T] be a cylindrical Idj^-Wiener process w.r.t. (J5)te[o,T], and let B G HS{H,H_p) 
satisfy that for all n G Lf it holds that Bv = {b, v)^ b. The above assumptions ensure that 

there exist X, Yi, Y 2 G B{H)) which satisfy that it holds P-a.s. that X = B dWg, 

e^T-[sh)A Q Y2 = Jq ( Hh -hA) B dWs. 


9.2 Variance estimates for Euler-type approximations of SPDEs 


Lemma 9.1 (Variance estimates for exponential Euler approximations). Assume the setting in 
Seetion \971\ and let 5 G H. Then it holds that IE[|(6, X)h\‘^ + \{b, Yi)h\ ^] < 00 and 


Var((6,A'>„)-Var((6,yi>„)> 




> 0. 


Proof. First, observe that it holds P-a.s. that 

fT 


{b, Yi)^ = (b, e^T-Vs\H)AB ^e^T-ish)A q dW^) 

rT fT 

= / (6, B dWs)H = Tb / (6, dW,)^^ . 


H 


(199) 


( 200 ) 


This shows that -|- \ {b,Yi)< 00 . It thus remains to prove 01991) . For this we 

combine fl200p . Ito’s isometry, the fact that Vs G [0, T]: T — [T — s\h = [■sI/d e.g.. Lemma 6.1 
in m to obtain that 


Var((5,X)J - Var((6,Vi)J = |/i,|2 

Jo 

= l/Xbp (e2|A,|(M.-.) _ p) = |^^|2 

Jo 

/I _ p-2|A6|T\ fh 


_g- 2 |A 6 |Pl^^g 



(g 2 |A 6 P _ ^^ 201 ) 
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Moreover, note that 


(e- 2 |A.h _ e- 2 |A.|/^) ds > ds>- . ( 202 ) 


Combining 020 ip and O202p yields that 

Var(( 6 ,X)J -Var(( 6 ,Fiy > 


lyUftpe \^b\h Q 2|A6|Tj /^ — e 


t — g~ 2 |Ab|/i 


h. 


(203) 


This and the fact that Vx G [0,1): (i-®)/(i- 3 : 2 ) = ^/{i+x) > 1/2 finish the proof of Lemma lOTl □ 

Lemma 9.2 (Variance estimates for linear-implicit Euler approximations). Assume the setting in 
Section \9.1\ and let & G H. Then it holds that E[|( 6 , X)h\‘^ + \ {b, Y 2 ) Hp] < cxo and 


Var(( 6 ,X>J -Var(( 6 ,V 2 >J > 


|/ife|2 (1 - h ^ |/i,|2 (1 - e-2|AdT) h 


4 (1 -|- h\Xb\) 

Proof. First, we observe that it holds P-a.s. that 

('>a 2 >„ 


4 


> 0. 


(204) 


= (b, 


Id// — hA^ 


-{T-[sin)/h 


BdW..) = 

H JO 


Id// — hA^ 


-{T-[sin)/h 


6, B dWs 


H 


(205) 


= / (l + h|A/|)-(^-W'*)/"(5,5dlV,)^ = //6 / (l + h|A/|)-(^-W'^)/"(6,dlV,) 


H 


This shows that E[|{6, X)//|^ -|- 1(6,12)^^] < 00 . It thus remains to prove 02041) . For this we 
combine O205p . Ito’s isometry, the fact that Vs G [0, T]: T — [T — s\h = [s]/!, and, e.g.. Lemma 
6.1 in im to obtain that 


Var((6,X)J - Var((5,F2>J = \Pb 

= \Tb\^ 


1 _ e- 2 |A 6 |T 


2 |Afc 


1 _ e-2|A(,|T ^ 

--h 5 ^(l + h|A,|) 

k=l 


-2k 


2 |Afe 


= \Tb 


/ (l + h|A/|)-2M'‘/'^ds 

JO 

I_e- 2 IVT [i_(i + /,|A,|)- 2 m] 


2 |A/ 


\Xb\ (2 -|- h|Ab|) 


(206) 


The fact that Vx G [0, cxo): (1 -1- x) ^ > e * hence yields that 

Var((6,X)J -Var((6,V2>J > (l - 

l/ifcp (1 - h 

2 (2 -|- h|A/|) 

This implies O204p . The proof of Lemma [9.21 is thus completed. 


1 

1 

L 2 |Afe| 

Afe (2 -|- h Af,)_ 


(207) 


□ 


9.3 Lower bounds for the squared norm as the test function 

Proposition 9.3. Assume the setting in Section\9A\ let b: N be a bijective function, and let 
c, p E (0, 00 ), 5 G M, i G {1,2} satisfy that for all n E N it holds that Afe„ = —cn^ and pbr, = 

Then it holds that B E and 


E[||A'f„] -EOlFiliy > 


^l_g-2cT^ (^l_e-l) tO/p+2'5)+ piS ^(l-[l/p+2«] + ) 

4(l+p5-) g2PecT (p+(l_|_2p5)-) 


> 0 . 


(208) 
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Proof. First of all, we observe that for all r G (—C) 0 , \f/p + 2S\) it holds that 2 p(r + h) < —1 and 


\\B\\HSiH,Hr) - \PbS IVP’' - 


|2(r+5) ^ ^2{r+5) ^2p(r+5) ^ 

72=1 


72=1 


72=1 


This proves that B G It thus remains to prove 

note that 


(209) 
For this we 


°° ^2p(5 pn+l 

T^ = T / 

/ V pCnPh / j I 
n=l n =0 

oo -n+1 2-2p5-^2p(S 


(n + ifP^ 

gc(n+l)Ph 


72=1 


o 2 Pcx^h 


dx = 


OO „ 

dx>J 2 

n=l 


1 /■°° X^P^ 


{n + 1 ) 2 ^'^ 

gc(n+l)P/i 


dx 


( 210 ) 


4P<5- 


o 2 PcxPh 


dx. 


Combining fl 210 p with Lemma 19.11 and Lemma 19.21 ensures that 

OO 

IE[l|0f|l5,] -E[||yi|||,] = Y1 [var((6„,x)„) - Var((6„.y>„) 


r, 2 S 


> 


(1 - h 




72=1 

^ c“” (l 


-2cr'i y ^ ^2p5 p25 _ g-2cT^ y ^oo ^2p5 


X 


4 ^cnPh — 4(l+p5-) 

72=1 


h e 


2PcxPh 


dx 


_ g 2 cT^ ^(1 26 i/p) ^oo ^(i/p+25—1) 


2(3+2p5+)pgi/p 


dx 


( 211 ) 


(1 - 

> _ ______ _ _ _max 


> 


2(3+2p5+)pgl/p 

(1 _ h{i-2S-iU) 

2(3+2p5+) g2Pecrpgl/p 


2Pech ^(i/p+ 25-1) f2PecT ^(i/p+25-1) 


max 


- dx, 

’ 2 Pch ^ 

p 2 Pech 

/ ^{yp+ 2 s-i) 

l2Pch o 




■ dx 


/ C>'^ 

J2PcT ^ 

f 2 PecT 

/ ^(i/p+25-1) 

' 2 PcT 


Next we observe that the fact that Vx G (0,oo): > 1 implies that for all r, g G (0, oo) it 

holds that 


X ^ dx = 1, 


x(9-b dx = ^ > rf 

q 


x^ ^ dx = 


r-i (1 - e-P) 


. ( 212 ) 




This and the fact that Vx G (0, oo): -——- < 
it holds that 


< 1 ensure that for all r G (0, oo), q G 


X 


dx > 


r-ni-e-'-^') 


(1 + g ) 

In the next step we combine fl21ip and 02131) to obtain that 

E[||x|iy -E[||yf„] 

(1 _ e-'^’P') (1 - /j{i-2H/») 


(213) 


> 


^ /V ^ _ L_ _max/ \ 2 Prh]^^^'’^‘^^'^ r2Pg7"l(Vp+25) 

2(3+2p5+) g2PecT ^ gi/p (1 + (1/^ + 25)") I ^ ^ 


(214) 


(l _ p-2cT\ (1 _ 1-{i/p+25)-\ 25 , (1-25-i/p) 

> C ^ ^^ " _ maxi/)(Vp+2<5) m(Vp+25)l 

4(i+p‘5-)e2^“'r(p+(l + 2p(5)-) ^ 


This together with the fact that max{h*^^/'’+^^), h (Vp+ 25) implies O208p . The 

proof of Proposition 19.31 is thus completed. □ 

The next result. Corollary 19.41 specialises Proposition 19.31 to the case where c = vr^ and p = 2 
(Laplacian with Dirichlet boundary conditions on (0,1)) and slightly further estimates the right 
hand side of 
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Corollary 9.4. Assume the setting in Seetion \9A\. /ei & : N —?■ HI &e a bijective function, and let 
(5 G M, i G {1,2} satisfy that for all n & N it holds that and jjbn = Then it 

holds that B G P\r^(^_oo,- 5 -yA)HS{H, Hr) and 


E[\\X\\l] -E[||F,||y > 


(l-e-T) (l_e-l)T(V2+2i)+^45 

4(l+2«-)el2’r^T (3+4(5-) 


^min{l/2-25,l} ^ g 


(215) 


9.4 Lower bounds for a specific regular test function 

Lemma 9.5. Let {H, {■, ■)jj ,\\-\\jj) be a separable E-Hilbert space with H 7 ^ {0}, let P) be 

a probability space, let M. O H be an orthonormal basis of H, let ip G M(iJ, M) satisfy that for all 
V ^ H it holds that ip{v) = exp(—||u|||^), and let X,Y ^ L‘^{¥]H) be such that {h,X)^, 6 G HI, 
is a family of independent centered Gaussian random variables, such that {b, Y)h & M., is a 
family of independent centered Gaussian random variables, and such that for all b & M it holds 
that Xai[{h,X)jj) > Xax{{h,Y)^). Then it holds that ip G Cl{H,E) and 


E[v>(y)] 


E[^(X)] > 


(E|||jf||p-E[||yf„]) 

exp(6E|||Xf„]) 


(216) 


Proof. First of all, we observe that it is well-known that ip G C^{H, R) (see, e.g., (97)-(102) 
in m)- Next we assume w.l.o.g. that HI is a hnite set 1 02161) in the case where H is an inhnite set 
follows from Lebesgue’s dominated convergence theorem and 0216p in the case where H is a hnite 
set). Next we note that the assumption that {b,X)jj, 6 G H, is a family of independent centered 
Gaussian random variables, the assumption that {b, Y)jj, fe G H, is a family of independent centered 
Gaussian random variables, and, e.g., (103) in Gonus et ah [TT] imply that 


E[.p(y)] -Ep(2f)] 

= n[l + 2Var((6,y>„)] 

beH 


-1/2 


n[l + 2Var((6.Jf>„)]-‘'‘' 

beH 


n[l + 2Var((6,y>«)] 


-1/2 


1 - 


^beH 


n 

LbeH 


[l+2Var((6.y)„)] 

[l + 2Var((6.Jf)„)] 


1/2 ^ 


= Ep(y)] 1 - 


n 

.beH 


[l + 2Var((fc.y}„)] 

[l + 2Var((6.2f)„)] 


1/2 N 


Moreover, Jensen’s inequality shows that 


(217) 


EP(y)] > exp(-E|||y||l,]) > exp(-E|||2f f„]) , (218) 

Next we observe that the facts that V5 G H: 2\VaT{{b,X)^)—XaT{{b,Y)fj)] > 0 and Vn G 
N: Vxi,... G [0, cx)): YYk=i [1 + > 1 + Y2=i Xk prove that 


n 


LbeH 


[l + 2Var((6.y)„)] 
[l + 2Var((6,Jf>„)] 


-1 1/2 


= 1 


n 

LbeH 


[l + 2 Var(( 6 ..Y)„)] 

[l + 2Var((6,y>„)] 


- 1/2 


( 219 ) 


= 1 - 


> 1 - 


n 

LbeH 


1 + 


11-E 


beH 


2[Var((6.X)„)-Var((6.y)„)] 
[l + 2Var((6,y>„)] 

2[Var((6,X)„)-Var((6,y)„)] 
[l + 2Var((6,y)„)] 


- 1/2 


- 1/2 
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In addition, we note that the fundamental theorem of calculus ensures that Vx G [0 ,cxd): 1 — 
+ = \ [1 + dy > \x[l + . Hence, we obtain that Vx G [ 0 ,oo): 1 — 

[1 + 2x\~^^‘^ > x [1 + . Combinig this with fl219p implies that 


1 - 


n 


[l+2Var((6.y>„)] 


1/2 


> 1 - 


LKH [l + 2Var((6.A%)] 

Var((6,A>„)-Var((6.y>„) 


1 + 2^ 


> 


E 

LbeH 


KB [l + 2Vai/(6.y>„)] 
Var(((,,A>„)-Var(((,,y>„) 


- 1/2 


( 220 ) 


[l + 2Var((6,y)„)] 


1 + 2E 


6 eH 


Var((6,X)„)-Var((6,y)„) 
[l + 2Var((6,y>„)] 


-»/i 


In the next step we combine 02171) . 02181) . and 02201) with the fact that V& G H: Var(<^ 6 ,< 
Var(( 6 ,X)^) <E[||X||^] to obtain that 


EP(y)] -E[^(X)] >exp(-E[||A'||'|,]) 

1 + 2E 


E 


Var((6,A>J-Var((6,y>„) 


LbeH 

Var(((,,A>„)-Var(((,,y>„) 


[l + 2Var((6,y)„)] 

-»/2 


6 eH 


>exp(-E[||.Yf„]) 


[l + 2Var((6,y)„)] 

■ ^((6,A)„)-Var((6,y)„) 

.b6H 


[l + 2E[||A||y] 


l + 2EVar((6,A>„) 


beH 


-3/2 


= exp(-E[||A'||y) [1 + 2E[||A||y]-‘'" (E[||A||'|,] -E 


( 221 ) 



Combining 02211) with the fact that Vx G [0, cxo): (1 + x) ^ > e ^ implies 0216p . This completes 
the proof of Lemma 19.51 □ 

The next result. Corollary 19.61 is a direct consequence of Lemma 19.11 of Lemma 19.21 and of 
Lemma 19.51 


Corollary 9.6. Assume the setting in Section \Wl\ and let i G {1,2}, (p G M(iL, M) satisfy that for 
all V E H it holds that ip{v) = exp(—||x|||^). Then 


E[(p(y,)] - E[(p(X)] > (E[||X||y - E[||F,||y) . ( 222 ) 


The next result. Proposition 19.71 is an immediate consequence of Proposition 19.31 and of Corol¬ 
lary [HSl 

Proposition 9.7. Assume the setting in Section \9.1[ let b: N ^ M. be a bijective function, let 
i G { 1 , 2}, c, p E ( 0 , cxo), (5 G M satisfy that for alln eN it holds that = —cn^ and = |Afe^ 
and let ip E M(i7, M) satisfy that for all v E H it holds that <p{v) = exp(— ||x|||^). Then it holds 
that ip 6 Cl(H,R), B £ X) and 


EP(y.)] -EP(A)] > 


(•l_g-2cT^ (l_e-l) 'r(Vp+2«)+ c'^S 

4(l+p5-) exp(2PecT+6E[||X:||2j]) (p+(l+2pb)-) 


^(l-[l/p+25] + ) ^ 


(223) 
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In the next resnlt, Corollary 19.81 we specialise Proposition 19.71 to the case where c = and 
p = 2 (Laplacian with Dirichlet bonndary conditions on (0,1)) and slightly fnrther estimates the 
right hand side of fl223p . 

Corollary 9.8. Assume the setting in Section 1,9.il let b: N ^ M. be a bijective function, let 
5 G M, i G {1,2}, assume that for all n E N it holds that and phr, = 

let if G M) satisfy that for all v E H it holds that (p{v) = exp(—||n|||^). Then it holds that 

if E B E nr(z(^_oo-5-p4)HS{H, Hr) and 


Ep(r,)] 


Ey(A')] > 


^i_^-i'^tP/2+2S)+^4S 
4(1+25-) ( 3 + 45 -) exp(l27r2T+6E[||X|||,]) 


^min{l/2-25,l} ^ g 


(224) 
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